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EuxaplioTieg

Me Tnv oAokAjpwon Tou MetamTuxiakou [poypduuatog Ba nbeAda va
EUXOPIOTACW TOUG KABNyNTEGC MOU yia Tnv TTOAUTIUN YyVWOn TIOU [ou
TTpooé@epav 6oov agopd Tnv EmoTtriun Tng PUCIKAG.

EidikOTepa Ba BeAa va euxapioTHow TOV KABNyNTA Pou Kal TTIRAETTOVTA OTNV
TTapouca gpyacia Ap Aéavdpo MepiBoAapdTToulo Kupiwg yia TO TTOAUTIHNO UAIKO

TTOU JOU TTAPEIXE YIA TNV EKTTOVNON TNG €PYATiag.
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Améocaocua

2TNV gpyacia yivovral avagopég via TS €€lowoels Friedmann, or otroieg
OIETTOUV TNV ETMITAXUVOUEVN BIACTOAA Tou 2UPTTavTog. MeydAo poAo o€ auto
Taifel o Trapdyovrag kKAipakag a(t). To ouptrav atroteAeital ammd TTOAAG
OUOTATIKA, KaBéva atrd Ta oTroia £xel DIAPOPETIKA OxXEoN TTiEONG - TTUKVOTNTAG,
eTNPEAlOVTAG KAT ETTEKTACN KAl TOV TTapayovTa KAipakag. AQou avaAuovTal Ta
MEYEBN Kal o1 aTTooTACEIG, KABWG Kal @aivoueva 0Tws 1o CMB, o1 BAO kai Ta
SNla, 1Tou pag divouv TTANPo@opieg yia Tn OIOCTOAN TOU CUUTIAVTOG, OTN
OUVEXEIQ YiVETAI EKTEVNG avaAuon oto maximum likelihood estimation yia Tnv
eupeon Twv best fit parameter. Avagépovtal Ta KOOHOAOYIKA HOVTEAQ TTOU
TTPOTEIVOVTAI WG AVTIBAPO OTA AvATTAVTNTA TTPORARUATA TTOU €XOUV TTPOKUWEI
a1d 1o ACDM. Ev TéAel, pe TNV Xprion METPAOEWY Kal TNG ouvAPTNONG X? ViveTal
oUYKPION TwV JOVTEAWV Kal oXedialeTal n eEENIEN TOU TTAPAYOVTA KAIJOKO PE TO
MOVTEAO TTOU €mIAEXONKE, evw OiveTal pia €IKOVA TNG OUOXETIONG Twv

TTOPAUETPWY avAAoya TO HOVTEAO Kal TWV PETPAOEWY TTOU XPNOIKWOTTOIoUVTAl.
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Abstract

This work discusses the Friedmann equations, which govern the accelerated
expansion of the Universe. A crucial role in this process is played by the scale
factor a(t). The universe consists of multiple components, each possessing a
distinct pressure-density relationship (equation of state), which consequently
affects the evolution of the scale factor. After analyzing cosmological quantities
and distances, as well as phenomena such as the Cosmic Microwave
Background (CMB), Baryon Acoustic Oscillations (BAO), and Type la
Supernovae (SNla)—which provide valuable information regarding cosmic
expansion—an extensive analysis using maximum likelihood estimation is
conducted to determine the best-fit parameters. Furthermore, various
cosmological models are presented as alternatives to address the unresolved
issues associated with the ACDM model. Finally, by utilizing observational data
and the x? function, a comparison of these models is performed and the
evolution of the scale factor according to the preferred model is designed,
providing an overview of the parameter correlations depending on the specific

model and the datasets employed.
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Chapter 1

1.1 Introduction
Cosmological Principle

What exists beyond Earth has been an issue since ancient times.
Copernicus was the first who pointed out that Earth is not in the center of
universe. Later, other cosmologists stated that the Sun is not in the center and
that our Galaxy is not in the center and finally, there is no center in the
universe. As a result, modern cosmologists have adopted the Cosmological
Principle, according to which there is nothing special about our location in the
universe. (Ryden B., 2017)

Based on the Cosmological Principle, the universe is considered to be
isotropic and homogeneous on large scales (100 Mpc or more). Isotropic
means that there are no preferred directions in the universe, while
homogeneous means that there are no preferred locations in the universe.
(Ryden B., 2017).

Olbers’ Paradox

According to the cosmological model of Copernicus, in an infinitely large
and infinitely old universe the night sky should have been uniformly bright with
starlight. But in reality, the night sky is dark in visible wavelengths with
starlight scattered across it. This is called Olbers’ Paradox after the
astronomer Heinrich Olbers, who wrote a paper on this subject in 1826. The
solution to this problem was the theory that the universe has a finite age -
and as a result, the light from distant stars hasn’t reached us yet - and keeps
expanding, something that causes the light from stars to be redshifted to
lower photon energies. Thus, nowadays, the cosmological model is the one
according to which the universe started from the Big Bang, has finite age and

keeps expanding.

Aut\wpatiki epyacia 2026 1
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1.2 FRW Metric

In general relativity, a fundamental object is the spacetime metric, which
turns observer - dependent spacetime coordinates into the invariant line
element 2.

Due to the cosmological Principle, space and time are separated because
of the symmetry. The four-dimensional line element 2 for an expanding
universe with a scale factor a(t) can be written in the simplest form: (Baumann
D.)

2= 72— () 2 (11)

where 2 is the line element of a symmetric 3-space.

The homogeneous and isotropic 3-spaces have constant 3-curvature.
There are only 3 options for zero, positive and negative curvature,
respectively. Using polar coordinates, the universe is described by the

Friedmann - Robertson -Walker metric:

2
2= 2= Oly=—

® Kk represents the curvature of the universe. It can only have three possible

+ r?(d82+sin®0dp?)] (1.2

discrete values: -1, 0, +1 for negative, zero and positive curvature,
respectively, as it is mentioned before. These three types of curvature
correspond to open, flat or closed universe, as it is shown in figure 1.1.

® Qa(t) is the scale factor of the universe. It can be redefined by a constant
factor and as a result, the value of the scale factor today can be written as
a(to) =1

® tis the proper time of a free-falling observer.

r, 0, @ are the comoving coordinates.

Aut\wpatiki epyacia 2026 2
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negatively
curved

T ‘ positively
ﬁ::*%%% curved
Figure 1.1: The spacetime of the universe can be foliated into flat, positively

curved or negatively curvedspatial hypersurfaces (Baumann, D. )

The FRW metric can be written in another form:

2= 2_ () 2+ S2(x)(d0%+sin20d¢p?)] 1.3)
where
: =1
2( ) = , =0 (14)
. o=-1

Time t is again the proper time measured by a free - falling observer, while x

is the new radial comoving coordinate.

1.2.1 Energy - momentum tensor
Einstein equation determines the dynamics of the universe:
=8 (15)
where the Einstein tensor G,vis a measure of the “spacetime curvature” of the

FRW universe, while the energy tensor T,vis a measure of the “matter content

of the universe.

Because of the homogeneity and isotropy of the universe, it is a

requirement that the tensor must be that of a perfect fluid:

Aut\wpatiki epyacia 2026 3
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In this equation, p and P represent the energy density and the pressure of

the fluid, respectively, while U, is its four-vector velocity, relative to the

=(+) -

observer and as a result, it is equal to (1,0,0,0).

10y

(1) i
i { Pl J :
Perit, 0 L

Figure 1.2: Evolution of the energy densities in the Universe. (Baumann D.)
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= cosmological constant
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Taking the mixed tensor = we get:
0

— _ — [0 -

=C+) “loo

0 0

From the covariant conservation equation:

we derive the continuity equation:

AutAwpaTikn epyaocia 2026
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+3—( + )=0 (1.9)

1.3 Friedmann equations

The Einstein tensor is equal to

= L 1.10
= -3 (1.10)

where R,v ,R are the Ricci tensor and Ricci scalar, respectively.
Calculating the non-zero components of the Einstein tensor we get the

Friedmann equations:

()= = 1D
3 2 '

4
—=——-( +3) (112)

In these equations, p and P represent the sum of contributions to the energy
density and pressure in the universe. It should be noted that the subscripts ‘r’,
‘m’, ‘A’ in the energy density represent the contribution from radiation, matter

and vacuum, respectively. The first Friedmann equation can be written in

terms of the Hubble parameter, =-:

22— —— (1.13)

1.3.1 Critical density and present values
The critical density for any given Hubble parameter is defined as the energy

density pcitthat would be present if the universe was flat (k = 0):

w
N

= (1.14)

7]

Aut\wpatiki epyacia 2026 5



EAAHNIKO
ANOIKTO

r]ANEr”ZTHM'OSolving the Friedmann equations and studying the scaling factor
a(t) for "Toy" Universes
ewpylog Z1papoyiavvng (AM 156730)

To denote quantities evaluated today we use the subscript ‘0’. For example,

the age of the universe today is expressed as t = to, while

0= (1.15)

is the critical density today.

1.3.2 Dimensionless critical parameters
Through the use of the critical density, the dimensionless critical parameters
are defined as follows:
0

0= (1.16)
0

where the subscript ‘I' denotes the component (radiation, matter, vacuum). In
the literature, the subscript ‘0’ is usually dropped. As a result, Qm represents
the matter density today in terms of the critical density today.
Cosmic inventory
The universe is filled with a mixture of different matter components. Every
source has different contribution to the pressure.
® Matter
By using the term “matter” we mean all forms of matter for which
the pressure is much smaller than the energy density, | | .In
this case, we set P=0 in the continuity equation and as a result:
-3
® Radiation

By using the term “radiation” we mean anything for which
the pressure is much smaller than the energy density, = % .In

this case, from the continuity equation we get:
—4

Aut\wpatiki epyacia 2026 6
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® Dark energy
Recent studies have shown that matter and radiation are not enough

for the expansion of the universe, so there must be a mysterious

negative pressure component (P = -p), which dominates the universe

today. In this case the energy density is constant:

0
1.3.3 Constant equation of state
Using the constant equation of state: w = P/p, we see from the continuity
equation that:
—-3(1+ ) (1.17)

To sum up, the solutions for cold dark matter (w = 0), radiation (w = 1/3), and

vacuum energy (w = -1) are:

31+ ) =) -4 (1.18)

1.3.4 Dynamical equation of state

In case of a time dependent equation of state:

w(t) = % (1.19)

the continuity equation becomes:

O 51O+ O (1.20)

Dividing the equation by p(t), the equation takes the form:

~

;2_3_[“% ——3l i+ () (1.21)

~

Aut\wpatiki epyacia 2026 7
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Thus:

—==3[1+ ()]— (1.22)
We integrate this equation as follows:

; =31+ ()]— ()= (o)

0 0
= =3[+ ()]— (1.23)
1
Making the substitution:
-1 1.24
1+ (1.24)

We get the new differential:

1 - —
= (1T):_(1+ )2 1+ )_—(1+ )2 (1.25)
Thus:
_ : ' N [1+ (9
In—o— 03[1+ ( )](1+ .)2(1+ )= 03—(1+ 3 (1.26)

Finally we obtain:

_ 1+ O -
=0 I osﬁ 1 (1.27)

This equation helps to express the universe expansion since it is not a

perfect fluid and its composition changes over time.

Aut\wpatiki epyacia 2026 8
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1.4 “Toy universes”
1.4.1 Single-component universe

Since each component has different scaling (a3 for matter, a# for radiation), it
is implied that for most of the time the universe was dominated by a single
component. For a flat universe with a single component, the Friedmann

equation becomes as follows:

3
—= 4/ 2 (1.28)

Integrating this equation, the scale factor depends on the time as follows:
a(t) 1 (1.29)

1.4.2 Two-component universe
At some time, radiation and matter densities were equally important.This
time was shortly before the cosmic microwave background was released. It is

important to denote the scale factor then as:

=__ (1.30)
As a result, at that time (since pr = pm and 4 —3), the total
energy density can be written in the following form:
4 3

We use the conformal time to solve for the evolution of scale factor:

Aut\wpatiki epyacia 2026 9
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T=—-— 132
0 (1.32)
Thus, the Friedmann equations take the form:
8 4
(P=—3 *(13), "=—5-( -3)°3(134

where the primes denote the derivatives with respect to the conformal time.

The solution is written in the form:

()= [(—)2 +2—l (1.35)

where:

= ( 3 2)~1/2 (1.36)

1.4.3 Multi-component universe

For multiple components the general form of the Friedmann equations is:

(=t - 137)
: .

__ 2 3 138
=T 3 ( +3) (1.38)

The equations of state are: pi = wipi, where wiis the dimensionless equation of
state parameter of the i-th component.

Considering a universe consisted of matter, radiation, curvature and constant
A, and knowing how the energy density of each component depends on the

scale factor, we get:

2= [ o ThH+ o B4 o+ o T21(139)

where
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0 =— m (140)

is defined as the curvature density parameter.
At the present time the density parameters satisfy the relation:
ot ot ot p=1 (1.41)
We used a python code to examine the evolution of the scale factor for
ACDM in comparison to “Toy universes”, theoretical models in which the
universe has one component. The results of the code are in Fig. 1.3:

- Evolution of the Universe: ACDM vs Toy Models

= Real Universe (NCDM)

== Toy Model: Matter Only

== Toy Model: Dark Energy Only
Toy Model: Radiation Only
Matter Dominated Era

207 Dark Energy Dominated Era

el
w
L
g
O

Scale Factor a(t)
\
\
\

-
e -
-

- Today(a=1)

L
o
L

-
- -

L ‘,"ﬁlatter -> Dark Energy
- =L {(a=0.75)

05 ="

0.0 T T T T T T T
0.00 0.25 0.50 0.75 100 125 1.50 175 2.00

Normalized Time (t/t_0)

Fig. 1.3: Evolution of the scale factor in ACDM universe and in “Toy universes”

From this figure, we see that radiation domination era was very brief, while

dark energy started to dominate when a was approximately equal to 0.75.

1.5 The cosmological redshift z
Redshift is a significant phenomenon in cosmology. Everything we know
about the universe is inferred from the light emitted by distant objects. To

interpret the observations correctly, we need to take into account the finite
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speed of light and the expansion of the universe. As a result, the wavelength
of the light from distant objects is stretched before reaching us. (Baumann D.).
Consider a photon emitted radially from a distant galaxy at time t = te and
received by us on Earth at time t = tr. Because of that, ds=d@=d6=0. For a flat

universe, the FRW metric becomes as follows:

2 2_ 2 , 27 2
= () 20y = (1.42)
Since the photon is incoming:
O 0 (149

Considering that the photon is observed at Earth, we have xr = 0:

—= 144

O (149
Suppose that there is another photon emitted at t = te +6te and received at t =
tr +0tr. Then:

— = 1.45
. O (149)
Combining 1. and 1. we get:
— =  —= 1.46
. OO0 O (149)
Weadd ﬂin both sides of the equation so that:
= + — 1.47
0O~ O o &
As a result:
+ +
— = — 1.48
O O (148)

For &tr,0te <<, a(t) can be taken as constant in both integrals. Thus:
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()
_=  —=—" 1.49
- O) ) (1.49)
The definition of redshift is as follows:
=— 1+ =— (1.50)
Using the relation A = cdt, we get:
1+ =—= —) (1.51)
()

Since we use the subscript ‘0’ for the values of quantities today, the light
from a distant object is emitted at time t and observed here at Earth at time to.

Also, the scale factor today is set equal to 1. As a result:

1+ = __1 (1.52)
O ( '

2

1.6 Hubble’s Law

1.6.1 Definition

According to the Hubble’'s law, galaxies appear to receed from us with a
recession speed proportional to their distance from us (Hobson M. P. et al.,
2006).

= 0 (1.53)
The constant Ho is called Hubble constant and measures the current
expansion of the universe.
It was named after Edwin Hubble who discovered the expansion of the
universe in 1929,when he compared redshifts with distance measurements to

nearby galaxies.
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1.6.2 Hubble’s constant
The constant H is called Hubble’s constant and it measures the universe’s

expansion at any given time t. (Hobson M. P. et al., 2006):

_ O
=5 (1.54)

As a result, Ho can be written as:
-1 s

Since measurements of the Hubble parameter have shown significant

uncertainties, it is convenient to define Hoas (Baumann D):

0 = 100 -1 1 (1.56)

Through this way, h (which is dimensionless) is used to keep track of how
uncertainties of Ho propagate into other cosmological parameters. Today’s
measurements have been more precise and indicate that:

0.67£0.01 (1.57)

It is also important the fact that 1/Ho gives the Age of the Universe. (Hobson

M. P. et al., 2006):

1.6.3 Physical density parameters
Through the use of h we can define also the physical density parameters as
[4.]:

02 (1.58)

As a result, physical density parameters are independent of the Hubble

constant , since from (1.15),(1.16):
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0o — —3 (1.59)

1.6.4 Derivation

It is important to understand how Hubble reached to his Law. [2.,3.].
Consider a photon emitted from a nearby galaxy at time t and received today
at time t = to. Since the galaxy is nearby, t-to <<<, so we can expand a(t)

around tpas:
()= (o=Co=N=()=Co— ) ON=, +...(1.60)

which gives:

()= ([1=Co— ) o +...] (161)

Alongside a photon path it is ds = d¢ = d6 = 0. Considering also a flat

universe, the FRW metric (1.2) becomes:
= — (1.62)
Combining (1.62) with (1.60), we get:

0

= WQM-(o—) oIt ' (163)

Since t-to<<<and ( + ) ( + ), we have:
0

[+ (o— ) ol '(164)

The evaluation of the integral gives:

— )2
= le- +L L s
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It is necessary to express t-toin terms of the redshift z. It is known that:

(o)

O —1=[1-(o— ) ol —1(166)

Since t-to<<,

[1+(Co— ) ol=1=(o— ) 0(267)

The inversion gives:
(o= ) — (1.68)

Thus (1.65) becomes:

(o) o+2 (o) o (1.69)

In first order to z (because z<<):

(O) 0 (0) 0 (170)

We can consider z as Doppler shift with recession speed u since t-to<<:

= (1.71)

The distance from the emitting galaxy due to cosmic expansion at t = tgis:

= (o) (1.72)

Combining (1.70), (1.71), (1.72) we get the Hubble’s law:

0 << (173)
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1.7 Distances in cosmology
For the definition of distances, we consider that we sit at (t5,0,0,0) while the
comoving object that we observe emits light at (te,r,0,¢)and the geometry of
spacetime is defined by the line element:
2= 2= () ?+S(X)(de*+sin*6d@?)] (1.74)

1.7.1 Theoretically defined distances
At first, it is important to define not really observable distances, but that will

be useful later in the definition of observable ones (Baumann D. ).

The first one is the metric distance. It is defined as the multiplier of the solid
angle dQ? = d6%+sin?0dg? from (1.74):

= () (1.75)

In case of a flat universe (k = 0), the metric distance becomes equal to:
= (1.76)

The second one is the comoving distance, which is the distance between two
objects remaining constant with epoch, when they move solely due to the
expansion of the universe. It can be written as:

0 ' 0 ' 1 '

() T T L0 () 000 O)

(1.77)

with:

()= (1.78)

being the dimensionless Hubble parameter.
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1.7.2 Observable distances
The most common observable distance is the physical distance rp. It is the
actual proper distance between two objects that can be measured with a ruler.

It is related to the comoving distance dco through:

= () (1.79)

Another significant observable distance is the diameter angular distance,
which is defined as follows:

Suppose there is an object at a comoving distance x that emitted photons at
t1. If the object has a known physical size D and someone on Earth measures

its angular size to be 66, then the diameter angular distance is defined as:

= (1.80)
ohserver
P =
"/ -
s ¥
/
o -ﬂ\\ (:-:J -
“t NS .
T
Y 7 e
- - e -
- NS osource -
.x'/ 4 \Cfﬁ/” _,.»'/
i a 5 -

-
P

Figure 1.4: Figure about the diameter angular distance (Baumann, D)
which for 88<<gives the Euclidean formula of its distance.

Through the FRW metric (1.3), the physical transverse size and its angular

size on the sky are connected through the relationship:

= (1 () (1.81)

Combining (1.81) with (1.52), (1.75) we get:
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=T+ (1.82)
This type of distance is very important because measuring the redshift of
objects of known physical size D, which are called “standard rulers”, we can
calculate not only the diameter angular distance, but also all the cosmological

parameters.

Luminosity distance plays also a vital role. If we assume a source at a fixed
comoving distance x with a known absolute luminosity L (energy emitted per
second) then the relation between L and its observed flux (energy per second

per area) would be:

= (1.83)

ohserver

SOUrCe

Figure 1.5: Figure about the luminosity distance(Baumann, D)

In other words, the power is distributed in the spherical surface with radius .
However, the result in FRW metric is modified for three reasons:

i. The observation happens today at to. As a result, the radius of the sphere

drawn around a supernova and reaching the Earth is not ¥, is dm, and its

proper area is 41Tdm?.
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ii. Because of the expansion of the universe and the redshift, the rate of the
arriving photons is lower than their emission rate by the factor 1/(1+z).

iii. For the same reason in (ii) the energy rate is also lowered by the factor
1/(1+2).

As a result, the relationship between flux and luminosity is:

1
= ar Y (1.84)

To have a same relationship like in (1.83), the luminosity distance d. is

defined as:
= (1+) (1.85)

Luminosity distance is important because of the Standard Candles, i.e
objects that have a known absolute luminosity L. Some examples are

Cepheids and Type la Supernovae.

Astronomers also use the “magnitude” system to calculate fluxes and
luminosities. (Ryden B., 2017). In ancient Greece, Hipparchus was the first
one that divided stars into six classes, according to their apparent brightness.
The “first magnitude” consisted of the brightest stars, while the “sixth
magnitude” of the faintest ones. Later, it was realized that this categorization
was roughly logarithmic, which helped the establishment of the magnitude

system on a strict mathematical basis.

The apparent magnitude m of an astronomical object is defined as:

—25 1 (—) (186)

with F being the apparent flux of the object and Fref a reference flux.
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The absolute magnitude M is the apparent flux the object would have if it

was 10 pc away from the observer:

10

==25  10( ) (1.87)

The distance modulus y is the difference between them and is defined as:

= - =5 10<10 ) (1.88)

with d. being the luminosity distance.
In case of the luminosity distance being expressed in Mpc, then (1.88)
written as:
= — =5 1 +25 (1.88)
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CHAPTER 2

Theoretical Background
2.1. Hubble’s law

According to contemporary cosmological models the universe is isotropic
and homogeneous. This means that the space looks the same regardless the
direction and that on a large scale it has a uniform composition and structure
everywhere (Carroll M., S., 2019). On a large scale means that these

properties apply on scale of roughly 100 Mpc or more (Ryden B., 2017).

One of the most important observational discoveries in cosmology is that
nearly all galaxies seem to be moving away from us and the farther a galaxy
is, the faster it appears to recede (Figure 2.1). This relationship is described
by Hubble’s law. Astronomers determine these velocities using redshift
measurements, which are based on the Doppler effect for light. Each galaxy’s
spectrum contains characteristic absorption and emission lines with known
frequencies. When a galaxy moves toward us, these light waves are
compressed, shifting the spectrum toward higher frequencies, known as a
blueshift. When a galaxy moves away, the wavelengths are stretched, shifting
the spectrum toward lower frequencies, or a redshift. The Astronomer Edwin
Hubble tried to measure the distance to galaxies and his discovery was that
recession velocity is proportional to the distance (Liddle A., 2015). This

discovery was expressed by Hubble’s law (2.1):

= () (2.1)
where r is the physical distance and H is the Hubble constant.

The physical distance is derived from:

= 0) (2.2)
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where x is the comoving distance and a(t) is the scale factor, which in fact
describes how the size of the universe changes with time and at present time

is equal to 1.

In (2.1) H is the Hubble parameter and derives from:

()=- (2.3)
The present day value of the Hubble is:
Ho = 100 h kms™ Mpc™'

Which means that a galaxy 1 Mpc away retreats at a speed of 70 km/s (Tong
D., 2019).

Figure 2.1: The expansion of the universe. The physical distance
between fixed co-moving coordinates increases with time

(https://www.sr.bham.ac.uk/~smcgee/ObsCosmo/lectures/ObsCosmo2.pd
f).
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2.2. Dark Energy

It is crucial, in order to reconstruct the history of the expansion of the
universe a(t), to measure distance by using brightness of an object. For this

reason scientists use SN la (they will be mentioned later) as standard candles.

From scale factor a(t) Tylor expansion and setting a, = 1 we have:

O=1+ o( —0)—5 0 2(— YV+. (2.4)

N -

where Qois known as the deceleration parameter

- (255)
2

which in our universe is negative gqo~ - 0,5.

Considering the universe as a homogeneous and isotropic perfect fluid, it is
characterized by energy density p(t), pressure P(t) and the relation between

them, which is called equation of state:
Pn=Wmpm and Pr=w;pr with wn=0 for matter and w; = % for radiation.

From Raychaudhuri equation:

4
—:?( +3 ) (2.6)

we conclude that assuming consisting of matter and radiation, the result
would be a decelerating universe since (p+ 3P) > 0. In order to have an
accelerating universe we need at least w < -1/3. Thus there must be an
additional component called “Dark Energy”. Eventually from Friedmann

Eqution for flat universe with only matter and dark energy we get:
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2= [ A+ P+l (2.7)

where Qm and Qa are the matter density parameter and Dark Energy

parameter respectively (Tong D., 2019).

2.3. Supernovae types

Supernovae are stars undergoing a tremendous explosion, which lasts for
several months to a few years. Although they are detected once in a few

decades, they are observable at very large distances.

N132D HST - WFPC2
SN Remnant in LMC

PF95-13 - ST Scl OPO - April 10, 1995 - J. Morse (ST Scl), NASA

Figure 2.2: Remnants of Supernova N132D, that exploded 3.000 years ago.
It is estimated that the progenitor star had a mass of 25 M,

(https://www.sr.bham.ac.uk/~smcgee/ObsCosmo/lectures/ObsCosmo2.pdf).

The nebulae ejected, the so-called remnants, survive for much longer and
are some of the most spectacular astronomical objects. Their expansion

velocities are very high, up to 10.000 km/s and so they extend rapidly to
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remarkable dimensions. Even though they become almost transparent,
remain visible for thousands years (Figure 2.2).

(https://www.sr.bham.ac.uk/~smcgee/ObsCosmo/lectures/ObsCosmo2.pdf).

Supernovae explosions are classified into two types according to their

properties:

e Type |- there is absence of hydrogen lines in the spectrum

e Type llI-there is presence of hydrogen lines in the spectrum
For Type | the explosion is induced by a thermonuclear runway in a carbon-
oxygen white dwarf, whose mass is > Chandrasekhar mass. Supernovae
progenitors can also be binary stars, that consists of two stars revolving
around their common center of mass and are born at the same time.
Irradiation and tidal distortion have relatively small effect, but the main effect

is the transferring material between them, when they come into direct contact.

The problem with the above theory is that during mass transfer, outburst
occur and eventually the white Dwarf gradually eroded. Diffusion of elements,
turbulent mixing and convection may result in accreted material outburst.
Thus it is very hard to reach the Chandrasekhar mass limit, but under special

circumstances the white Dwarf will manage to retain part of the accreted mass.

For the single- degenerate model mass transfer can proceed through strong
wind from the companion or through Roche- lobe overflow. The companion

can be a main sequence star, a sub-giant, a helium star or a red giant.

The Double — Degenerate scenario involves two WDs where the more
massive WD accretes the lower massive WD through an accretion disk
configuration. According to recent models this procedure, called violent
merger, is more complex and may lead to a SN la formation even if the total

mass of the merger is below Mch. (Figure 2.3).

Aut\wpatiki epyacia 2026 26


https://www.sr.bham.ac.uk/~smcgee/ObsCosmo/lectures/ObsCosmo2.pdf

EAAHNIKO
ANOIKTO

r]ANEr”ZTHM'OSoIving the Friedmann equations and studying the scaling factor
a(t) for "Toy" Universes
ewpylog Z1papoyiavvng (AM 156730)

Right after the explosion there is a shock wave with u ~ 10* km/s, which
reaches the surface of the WD in t ~ 1 s. Then there is a gamma- ray flash of
energy E~ 100 erg, called “shock breakout”, which lasts for ms. The ejecta
then expands and cools adiabatically. After the “shock breakout” the
luminosity and temperature decrease, initiating a “dark phase” in the light
curve ( lasts few days). The radioactive decay of %Ni in 6Co and then in >6Fe
causes the observed rise in the optical light curve, for 18 days, until the peak
(Prialnik D., 2010).

Figure 2.3. Left: the double - degenerate scenario. Right: the single -

degenerate mode (Maoz D.,2014)
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Light Curve- Observational tool

The luminosity of a SN la powered by the decay of the radioactive elements,
that are mentioned above and shows a peak , with 0,3-0,8 M, of %Fe

produced. According to Arnett’s rule this peak is proportional to the mass of
%Ni produced in the explosion. The optical light curves (majority of the
luminosity emerges at optical wavelengths) are relatively homogeneous with a
peak in ~ 20 days and a slow decline before the exponential decay phase
after ~ 50 days.

On the other hand the infrared light curves are characterized by a
secondary peak 20-30 days after maximum light and the ultraviolet peak
comes 15-20 days after explosion, slightly before the optical.

The relationship between luminosity and light curve doesn’t show significant
dependence on host galaxy properties. It seems that SN la in star forming
galaxies present more homogeneous population. This is very important
because there is no need of using correlations in cosmological analyses,
based on host environment. Thus using SN la in cosmology is a very good
way of measuring dark energy, Hubble constant and universe acceleration.

The spectra reveal the elements produced in the explosion, their location
within the SN ejecta and their quantities. At early times the SN la spectra are
dominated by intermediate-mass elements such as Si, S, Ca, Mg and after
maximum, light begins to be dominated by iron-group elements. By ~ 150
days the ejecta expands and becomes optically thin, thus the SN la enters the
‘nebular phase” (Jha S. W., et. al., 2019).

The evolution stages of a SN la light curve can be described as follow:

e Shock Propagation and shock Breakout: The thermonuclear explosion
begins near the center of the white Dwarf and a shock wave
propagates outward at velocities 10* km/s. When the shock reaches
the surface, a brief gamma-ray flash produced, known as shock
breakout. Because this lasts only for milliseconds it is difficult to

observe.
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e Shock-Heated Cooling Emission: The ejecta are extremely hot and
expand rapidly and the shock-heated material cools adiabatically. The
luminosity decreases, while the emitted radiation shifts from gamma
rays and X-rays to ultraviolet and optical wavelengths. This phase lasts
minutes to hours after the explosion.

e Dark Phase: As the shock-heated emission fades, the luminosity may
temporarily fall below detectable levels. The radioactive energy has not
yet diffused to the surface and this Dark Phase can last hours to few
days, depending on the distribution of radioactive material

e Radioactive *Ni-Powered Rise: Photons produced by the radioactive
decay of %Ni begin to diffuse outward through the ejecta and the
optical luminosity rises steadily. In simple models, the luminosity
follows L« t?, although more realistic calculations predict deviations
from this behavior.

e Peak Luminosity: The light curve reaches its maximum brightness 18-
20 days after the explosion. The radiation from most of the synthesized
%6Ni can escape and the peak luminosity is related to the total mass of
%Ni produced during the explosion

e Post-Peak decline: The luminosity gradually decreases and this decline
is powered by the radioactive decay chain

%Ni — %¢Co — °Fe

As the ejecta expand and become more transparent, an increasing

fraction of gamma rays escapes without depositing energy.

e Nebular Phase: Several months after the explosion the ejecta become
optically thin and the spectrum is dominated by emission lines from
iron-group elements. The luminosity is mainly powered by the decay of
%6Co and by the deposition of positron energy. (Maoz D. et. Al., 2014).

Typical Light Curves of ten well observed SN la are shown in Figure 2.4,

where the vertical axis represents the distance modulus, i.e. the difference
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between the apparent magnitude m and the absolute magnitude M of

objects using the relation:
= - (2.8)

EVIDENCE FOR AN ACCELERATING UNIVERSE
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Figure 2.4: Light Curves of 10 well observed SN la (Riess A. G. et. al.,
2019).
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A smaller magnitude corresponds to a higher luminosity, while higher
magnitude corresponds to a smaller magnitude. Moreover according to
Mark Phillips (1993) brighter Type la Supernovae fade more slowly than
fainter ones. Measuring Am1s (it measures the decrease in brightness, in
magnitudes, 15 days after maximum light) we conclude that a smaller
Am+s corresponds to a slower decline in the Light Curve and therefore a
higher intrinsic luminosity and vice versa. From (2.8) we calculate the
luminosity distance d. and with the z which derives from SN la spectrum
we can construct the Hubble diagram. Through this we conclude that as
distance increases, Supernovae appear fainter, thereby providing
evidence for the accelerating expansion of the universe. (Riess A. G. et.
al., 2019).

2.4 Baryonic Acoustic Oscillation (BAO)

Early universe

Early Universe (1100 < z < 3400) consisted of photons, electrons, photons
and dark energy in thermal equilibrium and the hydrogen had not yet formed.

In the photon- baryon fluid the speed of sound was determined by the photons,

s0 ¢~ . The dark matter and the baryonic matter behave differently. This

means that the density perturbations in dark matter start to grow, but on the
other hand the baryons fall in a region of higher density, while the photons
produce a strong radiation pressure which pushes plasma outward. Thus
sound waves are created known as Baryonic Acoustic Oscillation (BAO)
(Figure 2.5) (Tong D., 2019).

Recombination
When the universe becomes 400.000 years old photons and electrons
cooled enough that they could combine to form Hydrogen, which is called

recombination.
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Photon decoupling
Then photons decoupled from matter which was no longer dragged along by
radiation. At the end what was left is a Dark Matter perturbation surrounded

by Baryons at the peripheries of the expanding shells.

Galaxies formation

Eventually dark and Baryonic Matter mix, forming galaxies. (Figure 2.5)

(a) (b) (c)

(d) (e) (f)
Figure 2.5: The BAO generation description a) early universe b) acoustic

waves forming c) Dark Matter perturbation grows d) recombination €) photon

decoupling f) Dark Matter and Baryons mix up. (Castander F. J.).

2.5 Drag Epoch and Sound Horizon

After recombination most e have combined with p. As a result, the transfer
of momentum from photons to baryons became negligible. However a small
fraction of free electrons remained. These electrons continued to couple
photons and baryons, allowing a week transfer of momentum between them.

The time that the BAO freeze out is known as Drag Epoch with a redshift:
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1291(  2)0251
1 0,659(  2)08%8 1+ .C 2] (@9

where:
1= 01313( 2)—0,419[1 + 0,607( 2)0,674]
, = 0,238 ( 2)0,223

(Eisenstein J. D and Hu W., 1997).
A characteristic scale that shows the distance the waves have propagated

prior to recombination is the Sound Horizon and is given by:

[oe]

where :

is the sound speed that Photon-Baryon fluid acoustic waves propagate.
In (2.11):
3 3 1

4 T2 1+ (212)

means that the more the Baryons the less the sound speed is. As we can
see from (2.10) the Sound Horizon depends from expansion of the universe,
zq4 and the Baryon-to-Photon ratio (Addison G. E., 2013).

2.6 BAO measurements

In a spectroscopic galaxy survey, we do not directly measure distances;
instead we measure galaxy redshift. The BAO feature provides a
characteristic scale rs, which acts as a known cosmological standard ruler. If
two galaxies are separated along the line of sight by the BAO scale, this
physical separation corresponds to a measurable redshift Az. For small

intervals, the relation between comoving distance and redshift is:

Aut\wpatiki epyacia 2026 33



EAAHNIKO
ANOIKTO

r]ANEr”ZTHM'OSolving the Friedmann equations and studying the scaling factor
a(t) for "Toy" Universes
ewpylog Z1papoyiavvng (AM 156730)

= J (2.13)

Helping us measure the expansion rate H(z) Hubble distance :

quantifies the characteristic distance scale associated with the expansion rate
of the universe at a given redshift.

The BAO signal can also be observed perpendicular to the line of sight,
where it appears as a characteristic angular scale on the sky. The observed

angular extent of the BAO feature derives from:

“a+vy O @d

So by measuring the angular extent of the BAO feature and using the known
sound horizon scale rs we determine Da (z) and eventually the comoving

angular diameter Dim(z) (Alam S., et al.) from:

()=@a+) () (216)

2.7 CMB Measurements

CMB is the thermal radiation and the first piece of evidence for the hot Big
Bang. Measures the same physical scale rs, but at the very high redshift of
recombination (z ~ 1090). The characteristic angle of the location of the peaks

is defined from:

= 7 (2.17)

that means it depends on the sound horizon and the distance until the last

scattering surface.
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The multipole | (small | corresponds to large angular-scale structure)

corresponding to the angle 6a is:

as we can see bigger Dv means smaller angle and bigger multipole I.
Parameter R is perhaps the least model-dependent parameter, since it is

independent of Ho and defined as:

=— () (2.19)

It is very important since it summarizes the geometric information of the
CMB.

Multipole moment, f
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Figure 2.6: CMB power spectrum measured by Planck (Tong D., 2019).

The CMB power spectrum (Figure2.6) is a characteristic peaks and
troughs that originate from oscillations in the photon-baryon plasma before
recombination.

The first peak’s location depends on the physical scale of the sound

horizon and the distance to the surface of last scattering. It is estimated from:

=— ~200
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The fact that is ~ 200 proves that the universe is almost flat Qx ~ 0.
Measurements estimate that Qn + Qr < 1 and there was not any other form of
energy the universe could not be flat. So the location of the first peak proves
the existence of another energy Qa ~ 0, 7 called dark energy.

The second and third peaks contain information about the baryon and dark
matter densities, since their amplitudes depend on the baryon-to-photon ratio
and the gravitational potentials generated by dark matter. This means that
measurements of the CMB make it possible to determine the densities of

baryonic matter and dark matter independently (Tong D., 2019).
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Chapter 3

Data Analysis
Most cosmological analysis data problems are inverse problems. We have
a set of data x which we want to interpret in a certain way. These problems

are classified to parameter estimation and model selection.

Parameter estimation
3.1 Bayes Theorem

In this category, the data are collected and interpreted in terms of a model,
a theoretical framework that is believed to be true. The goal of the parameter
estimation is the determination of the probability distribution of the parameters
0 given the data x. This is called the posterior probability distribution. It
represents the probability that the parameters take certain values after doing
the experiments and is estimated from Bayes Theorem which states that
(Caroll S. M., 2019):

1) O

()= O

(3.1)

where:

® (| ) is the posterior probability distribution of the parameters 6 given
the data x

® (| )is the likelihood and has its own symbol ( ; ). Itis the probability
distribution of data x if the parameters 6 were right.

® () is called the prior. It expresses the probability distribution of the
parameters 8 before the experiments. All we know about the parameters
are results from previous experiments or theory. For example, the age of
the Universe must be positive. In the absence of any previous information
it is common to adopt the principle of indifference and assume that all
values of the parameters are equally likely and take p(8) = constant. As
bounds someone can use finite bounds or infinite bounds with

unnormalized prior. This is called Flat Prior.
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® () isthe evidence and is used for normalization.

3.2 function
3.2.1 Independent measurements

The likelihood is expressed in terms of the 2 function, since there are many
observations and the errors are under Gaussian distribution because of the
Central Limit Theorem.

Assume there are data with M independent measurements ~~ with known
standard deviation o;. If we have a theoretical model ( ) we want to test
with the data - with p representing the parameters used in the model -, then
the 2 function is defined as (Liddle A. R., 2015):

2( ) = [ ()—2 P (32)
=1
In other words, this function quantifies the discrepancy between the

predictions of the theoretical model and the observations at a particular value
of the parameters p. A good fit is defined as a fit which gives small value of 2.

The values po that minimize the function are called best fit parameters.
3.2.2 Non - independent measurements
If X and Y are two random variables, then their covariance, denoted as
( , )isequalto[4]:

(,)=<(-< > -< >> (33)

where <X>, <Y> are the mean values of X and Y respectively.

For discrete random variables, the covariance is:

(.)= = (-—< =) —< =), )EH

with  (, ) being the joint distribution of X,Y.
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For continuous random variables:

(.)= (—< =) —-—< =)(,) @Y
with  (, ) being the joint distribution of X,Y.
Thus,
(,)=<( —< >)( -< >)>=<( -< >>*= ()
= 2 (3.6)

The correlation of the two variables is defined as:

(3.7)

In the case of discrete variables the correlation takes the following form:

(38)

For the measurement vector Xi we construct the covariance matrix:

1 12 1 2 1 1
2
1 1 2 2 2

Thus, the covariance matrix is always square and symmetric.

Since the variables are non - independent, the

2 function takes the form of
(Liddle A. R., 2015):

O=L O- 171 O- 1 €10
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3.2.3 “Chi - by - eye”

The “chi - by -eye” rule states that in a good fit the minimum x?2is roughly
equal to the number of data minus the number of parameters. That is true for
a large number of data. In other words, if m>>n (m the number of data and n

the number of parameters, then the reduced chi-square is (McGee S.) :

2
Y2 = ~1 (3.11)

3.3 Likelihood function
The likelihood function is defined as ( Liddle A. R., 2015):

1
()= [-3*)1E12)

The likelihood function maximizes at the set of parameters po that
x’minimizes. Values of the parameters that result in higher value of the
likelihood function are more likely to be the values of the true parameters. If
there are two parameters, the likelihood function can be visualized as a

surface sitting above the parameter space.

3.3.1 Fisher Matrix

It is important to estimate the errors of the likelihood function. At first, we
work with a flat prior so that the posterior is identified through the likelihood.
Then, the likelihood is expanded as Taylor series around its maximum
(McGee S.):

()= (o)+ J|( — 0

=1

2
e A‘ (= ) = o)+. (313)

0
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The derivative of the log - likelihood is equal to zero for every po since po is

the maximum:

— 7 =0 (3.14)

The expansion stops to the quadratic term, so the likelihood surface is a

multivariate Gaussian. As a result:

_ 2 () B B
()= (o+5 — ( 0)( 0) (3.15)
Hessian matrix

The Hessian matrix is defined as (Liddle A. R., 2015):

j=———— (3.16)

The Hessian matrix encloses information about the parameters errors and
their covariance. A non - diagonal matrix implies that the parameters are
correlated. In this case, they have a same effect on the data and it’s difficult to

discern them. The parameters, though, may not be physically correlated.

Conditional errors
Assume that all parameters are fixed, except one, which is defined as pi.
Then, its error is equal to (Caroll S. M., 2019):

= (3.17)

This is called conditional error and is the minimum error bar attainable on p;

when the other parameters are fixed, but it is uninteresting and rarely used.
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Fisher matrix

In 1935 Fisher answered the question of how accurately can someone
measure model parameters from a given data set. The Fisher matrix is
defined as (Prialnik D., 2010):

2
Fij =« ( )) (318)
whereL=— (), oras:

We choose the fiducial model and compute the Fisher matrix at the fiducial

model. Around powe have:

= O- (o (3.20)

Combining (3.15) and (3.20) and assuming one parameter case we get:

o= W (321)
- , |

Since = "z, then we get that 2AIn is equal to Ax?, we see that the

displacement 1o for the parameter pi when 2AIn =1 is:

1
= (3.22)

e

(3.22) is analogous to the conditional error. In general:
2=( ™ (323 > ( "HY? (3.24)

In the last two equations, ~! is the inverse of the Fisher matrix, while is

the marginalized error, which will be explained later.

Aut\wpatiki epyacia 2026 42



EAAHNIKO
ANOIKTO

r]ANEr”ZTHM'OSolving the Friedmann equations and studying the scaling factor
a(t) for "Toy" Universes
ewpylog Z1papoyiavvng (AM 156730)

The Fisher matrix gives inequalities that take the form of Cramér - Rao
Inequality. They become equal only when the likelihood is Gaussian. (Prialnik
D., 2010).

3.4 Marginalization

In most of the cases, some parameters of the model are totally uninteresting.
We may also have nuisance parameters, which are parameters whose values
are known with limited accuracy. An example of a nuisance parameter is the
Hubble constant Ho in dark energy models.

In other cases, we are interested on calculating the constraints on one
parameter at that time rather than calculating the joint constraints of two or
more parameters simultaneously. For these reasons, we use the technique of
marginalization.

Assume we have parameter p and nuisance parameter v with some
estimated prior distribution TT(Vv). A reasonable choice is the Gaussian
probability density function, where vo and oy are the mean value and variance,
respectively. (Prialnik D., 2010).

After that, the posterior likelihood function that depends only on parameter p

is:
(= 6,)0) (3.25)

Considering 11(v) to be Gaussian, we get:

_ 2
()= (.) I—(z—f)l (3.26)

Again the best fit parameters are those who give maximum likelihood.
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3.5 Confidence limits

Since there is too much information about the probability distribution of the
uncertainties in parameter estimation, we choose to summarize them in the
form of confidence limits. The full probability distribution is defined in the M-
dimensional space of the parameters p, with M being the number of
parameters.

A confidence region is defined as the region of this space that contains a
certain percentage of the total probability distribution. The aim is the
confidence region to be as small in the space as possible and to contain as
large percentage of the distribution as possible.

During the analysis, we are free to pick the confidence level and the
confidence region. The only requirement is that the region does include the
certain percentage of the probability. However, in scientific usage the certain
percentages are 68.3%, 95.4%, 99.73%, which correspond to standard
deviations of 10, 20, 30 from the most likely value, respectively. The shape of
the region is compact and centered around the measured value. For 1
dimension it is a line segment centered around the measured value, while for
2 or more dimensions ellipses or ellipsoids are chosen.

The meaning of the confidence level is to inspire confidence in that
measured value. For example, a region with confidence level 99% means that
there is 99% chance that the true parameter falls within this region around the

measured value (Maoz D. et al., 2014).

3.5.1 Constant chi-square boundaries as confidence limits

We use the value p = po for the parameters in order to minimize the value of
x?for the observed data set. Its value increases when the vector of parameters’
value p is perturbed away from po.The region within which x? increases by no
more than a set amount Ax? defines some M - confidence region around po.
The Confidence region is large if the Ax?, otherwise, for a small value, it is

small.
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We can use any value for Ax? but there are values that correspond to
characteristic Confidence Limits, like 68.3%, 95.4%, 99.73%. The values
depend not only on the Confidence Limits, but also on the number M of

parameters (Maoz D. et al., 2014).

3.5.2 Errors

When we use a model it is important to know not only the favoured values
according to the given data set, but also their errors. We use a simple model,
the linear regression:

= + (3.27)

with errors in both axes

To calculate x?, we need at first to calculate the weighted sum of the
variances. In this case, the variance is that of the linear combination

— —  of the random variables xi, yi.

(- = )= ()+r? ()= 2+2 2=7 (328
As a result:
-1 -1 _ _ 2
()= ( - — )2= ( — 2) (3.29)
=0 =0

This function will give maximum likelihood parameter estimations for a,b if
the measurement errors are normally distributed. To find the best fit

parameters for a,b we need to solve:

2 2
—=0(330) —=0(331)

A 10 region is defined when: 2= 2+ 2 with xmn? being the value of
the best - fit parameter and Ax? = 1.The standard errors of a and b are
calculated as the projections onto the a- and b-axes of the “confidence region

boundary”.
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The projections are calculated through the Taylor expansion of 2:

(v )= A+ (=)
1 2 2 1 2 2
+z—2 + - )2+z—2( + = )?
2 2
+ (+ =)+ = )+. (332)
Using (3.30) and (3.31), we get:
2 2 2 2 2 2

¢ ) )B33

A2~§—2(+ ¥ +—( )|+

Since it’s difficult to use analytic formulas for second derivatives and the low
- order term gives poor approximation of Ax? we solve numerically the
equation Ax?=1. Thus, we calculate the components from the Fisher matrix

and, consequently, the marginal errors of the parameters.

3.6 Monte Carlo
3.6.1 Monte Carlo Markov Chain (MCMC) method

The aim of this procedure is to produce a set of points in the parameter
space whose distribution function is the same as the target density, which in
this case is the likelihood, and, more generally, the posterior.In this method,
we make random drawings in the parameter space, where the next sample
depends only on the present one. The resulting Markov chain of points
samples the posterior, such that the density of points is proportional to the
target density. Thus, we can estimate all the usual quantities, like the mean
and the variance. The number of required points is set to scale linearly with
the number of parameters. In cosmology, MCMC is an effective tool, since we
usually have to deal with 10 - 20 parameters.

The target density is approximated by a set of delta functions (Caroll S. M.,
2019):
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1
¢y — =) (3.34)

=1

From this equation we can estimate any integrals:

C(n== ) (3.35)

=1
The concept of the MCMC is to go from a point 6 in the parameter space to a
new point 8* and accept it in the chain with a probability density depending on
the ratio of the old and new target densities.
The distribution of steps is called proposal distribution. The most common
algorithm is the Metropolis - Hastings algorithm, according to which the

probability of accepting the new point as a new point in the chain is defined as:

_ () 1)
( )= [LW] (3.36)

where (| ) is the proposal distribution function to move from 6* to 6.
In case of a symmetric distribution function, (3.36) is simplified to:
( )= ll((—)) (3.37)

Thus, the procedure is choosing a random initial point, computing its target
density, then moving to the next point with a step generated from a proposal
distribution. After we compute the target density of the new point, we accept it
using the Metropolis - Hastings parameter. If it's accepted, it becomes the

new point in the chain. If it's not, we go back to the previous point.

3.6.2 Hamiltonian Monte Carlo

In the MCMC method we have to select the proper proposal distribution [5].
If it is small, then it will take much time to explore the target distribution, thus
the method is inefficient. On the other hand, if it is too large, then although the
parameter space is explored, the trial points are far from the peak. The target
density is low at those points, so almost all of them are rejected after the

Metropolis - Hastings algorithm.
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Hamiltonian Monte Carlo tries to deal with these problems. In other words, it
takes big steps, so that the chain is well - mixed and simultaneously, the
target density of the chosen points is high.

We work as follows:
If the target density is p(0), we define the potential:
()== () (338)

For each coordinate 84 we generate a momentum ua, usually from a
distribution with zero mean and unit variance, so the M - dimensional
momentum distribution is a simple multivariate Gaussian N(u). The kinetic

energy is defined as:

N -

()

and the Hamiltonian as:

(3.39)

(.)= O+ () (3.40)

The extended target density is:

(.= [- )] G4

Since it's separable

(.)= [- O [ O ) ()B4

if we marginalize over u coordinates, the resulting marginal distribution is the
target distribution p(0).If we exactly solve the Hamiltonian equations:
= (3.43)

=-— (3.44)

then H is invariant, the target density is always the same and the acceptance
is unity. However, there are two approximations, one which is about the

potential calculation and the other about calculating the equations with a
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simple integrator to generate a new sample. Thus, H is not invariant, so we

use the Metropolis algorithm to accept the new point (6*,u*):

( = {L = €. )+ ()] (349

Model selection

Model selection is a higher - level question than parameter estimation. In
parameter estimation there is a theoretical model within which one interprets
the data. On the other hand, in model selection one wants to know which
theoretical framework is preferred, given the data.( Caroll S. M., 2019).

A model with more parameters gives smaller value of x"2, but the model
becomes more complex. The goal of model selection is to balance the quality
of fit to observational data against the complexity, or predictiveness, of the
model achieving that fit. (Martel L. M. V., 2000):

3.7 AIC/BAIC

The most known tools of model selection are the Akaike Information
Criterion (AIC) and the Bayesian Information Criterion (BIC). The AIC was
named after Akaike in 1974.1t measures the difference between true data
distribution and model distribution and is defined as (Martel L. M. V., 2000):

=—2 +2 (3.46)
where is the maximum likelihood achieved by the model and k the
number of parameters of this model. The best model is the one which
minimizes the AIC, while the models don’t have to be nested.
The BIC was introduced by Schwartz in 1978. It comes from the evidence

ratios of models, known as Bayes factor. It is defined as:

=—2 + (3.47)
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with N being the number of data-points used in the fit. The BIC assumes that
the data-points are independent and identically distributed, which may be or

may not be valid, something that depends on the dataset under consideration.

3.8 x?>for CMB data
The data that we will use are from Planck 2018 (Villar V., 2015) and are the
central values of R, la and w, = Qvh?. The data are expressed in terms of a

vector and a covariance matrix. The vector is:
1.74963
= (301.80845) (3.48)
0.0237

and the covariance matrix is:

1598.9554  17112.007 —36.311179
= 108 x ( 17112.007  811208.45 —494.79813) (3.49)
—36.311179 —494.79813 2.1242182

We construct the vector:

— 1.74963
= — = —301.80845 | (3.50)
2 —0.0237
Thus, the x*function is defined as:
2 = -1 (351)

3.9 x?for BAO data

The data that we will use are from 6dFGS and WiggleZ (Jha S. W. et. al.,
2019) from SDSS (Castander F. J., 2008), (Eisenstein D. J.& Hu W., 1998)
and Ly-a measurements (Addison G. E., et. al., 2013).
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3.9.1 6dFGS and WiggleZ

These two surveys give measurements for the ratio of:

=— 2 (3.52)

From 6dFGS we get: d,(z = 0.106) = 0.336 = 0.015, while WiggleZ gives the

three correlated measurements:
d-(z=0.44)=0.073, d.(z=0.6)=0.0726, d,(z=0.73) = 0.0592
The inverse of the covariance matrix is given as:

10403 —8075  336.8
= (—807.5 3720.3 —1551.9) (3.53)
3368 —1551.9 29149

From the four measurements we construct the vector:

0.106 0.44 0.6 0.73
= ( ) = (0.336> , <0.073> ; (0.0?ZG) : <0.0592> (3.54)
0.015/ \0.031/ \0.0164/ \0.0185

Thus, the total inverse covariance matrix is:

(O (;L15)2 0 0 0
0 -8075 3720.3 —1551.9
0 3368 —15519 29149

The vector used to define x2is defined as:

= - O (3.56)

Then the x?function is defined as:
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2 = -1 (3.57)

3.9.2 SDSS

This survey gives measurements of:
— X (3.58)

where:

() (3.59)

and its value in the context of fiducial cosmology is:

= 149,28 (3.60)

The data vectors are:

0.15 0.32 0.57
=\—|= (4.465666824),(8.4673),(13.7728) (3.61)

0.1681350461 0.167 0.134

The — is the ratio —. Thus, the x? function is:

Aut\wpatiki epyacia 2026 52



EAAHNIKO
ANOIKTO

r]ANEr”ZTHM'OSolving the Friedmann equations and studying the scaling factor
a(t) for "Toy" Universes
ewpylog Z1papoyiavvng (AM 156730)

3.9.3 Ly-a

From this survey the data vectors are:

2.34 2.34
1={—|= <37.41>, 2= — (8.86) (3.63)
1.86 0.29

Instead of Dm we use da and as a result:

234
1= — =1 @Q+) =(11.20> (3.64)
0.56

The inverse covariance matrix is:

1

(55=)°
-1 056 . (3.65)
0 (=—==)?
0.29
The vector used to define ¥?is:
—=)
- = (3.66)
—= ()
The x? function is defined as:
2 _ = _ 1 _ (367)

Finally the total x? function for the BAO data is the sum of all four individual

surveys:
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2 - 2 + 2 +2_(3.68)

3.10 x2for SNla data

For the SNla data we use the Pantheon dataset used in analysis (Alam S. et.
al., 2021), which can be found in the GitHub repository (Heavens A., 2009)
and the website (Farooq O. & Ratra B., 2013). It consists from 1048
datapoints coming from six different probes. They cover the redshift range
0.01<z<23.

The dataset contains the name of each SNIa, its redshift in the CMB and
heliocentric frame and its apparent magnitude mobs with its corresponding
error . The apparent magnitude mops is reported after applying color and
stretch corrections, as well as corrections from biases of SNla simulations.
(Ross S. M.)

The data vector for the definition of the x?function is:
= ()- (3.69)
where:

/ o

= 45 ol Ol+5 u(7—2)+25@70)

D. is the Hubble - free luminosity distance (Ross S. M.):

o ()

()=

M and Ho are degenerate parameters. Thus, they are usually marginalized as

(3.71)

nuisance parameters, or use a new parameter, which is a degenerate

combination of the two:
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= +5 ( / o ) +25
= 10(7
_ s 299792.458 -1
B 19\ 100 -1 1
= +5 347682—-5 o()+25
Then,
=5 o O]+ (3.73)
The x?function is:
2 = [ 1 (3.74)
The total covariance matrix is defined as:
= + (3.75)
where
2. 1 0 0
0 2, .. 0
= Co 3.76
0 (3.76)
00 2

and Csyst @ non-diagonal matrix which is associated with the systematic errors
that emerge from bias correction method and can be found in (Alam S. et.
al.,2021).

3.11 Total x?function

Like in the BAO analysis, the total x?function is defined as the sum of all the
individual functions used in the analysis.
Thus:

2 - 2 + 2 + 2 (368)
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The minimized function gives the best - fit parameters for a given

cosmological model we want to test.
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Chapter 4
Dark Energy

Theorists have tried to explain the origin of the cosmic acceleration (Verde L.,
2010) after its discovery. They tried two fundamental ways, either modifying
the energy momentum tensor in Einstein equation by introducing ideal fluids

with constant equation of state w or scalar field or by modifying gravity.

4.1 Spatially-flat ACDM
As we know, the Friedmann equations (1.11), (1.12) are:
8

T ()

Einstein tried to explain a static universe, which implies that =0. If k = 1,
the static model is compatible with the first equation, supposing we have the
appropriate energy density. But in this case  would never vanish unless P is
negative. As a result, Einstein modified his equation and introduced the
cosmological constant A (Verde L., 2008). The ACDM is the most common

cosmological model whose energy density is time independent:

=3 (4.1)

Assuming a flat universe with matter and cosmological constant, (1.37)

becomes:

(Y=g +3 (42)
B 3 |

In terms of dimensionless density parameters, (4.2) becomes:

2()= oI @+ X+ 1] (4.3)
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Since, we take a flat universe with components only the matter and dark

energy, we get:
+ =1 (4.4)

This model is the minimal standard model of cosmology, since it has one
free parameter which can be constrained through observations. Even though
it can’t be excluded by the observations, it faces theoretical and observational

challenges.

4.1.1 Theoretical challenges
The two fundamental theoretical challenges are the fine - tuning problem

(Press W. H. et. al., 2007) and the coincidence problem.

Fine - tuning problem
From the observations of cosmic acceleration and using the unit conversion

for km to Mpc and 1/s to eV, we require that:

2
= 2= (100 —> = (2132 x107% )2 (45)

The corresponding energy density is:

(2132 x1072 )2

-8 8 (4.6)
After substituting = 0.7 and ~2 we get:
=10747 4 (4.7)

We can assume that the cosmological constant is the vacuum energy that

comes from the empty space. The vacuum energy is considered to be the
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sum of all zero - point energies of some field with mass m, momentum k and

frequency w up to a cut - off scale kmax>>m (Press W. H. et. al., 2007]:

s T2 42 I3 2
S, @y 2z ., ey 2z ¥

The integral is dominated by large k modes (k>>m). Thus:

4 2 4
o ()2 162

(4.9)

We take the Planck scale as the cut - off scale since up to mp General

Relativity is believed to hold. Then:

4 1.22 x 10%° 4
~ ¢ ) =10  4(4.10)

16 2 16 2
As a result,
1074 4
= 10 = 10121 (4.11)

That means that the predicted value is 121 orders of magnitude larger than
the observed one. Even in the super - symmetry, where every boson has a
fermion of equal mass as a super - symmetric partner and the vacuum
energies of these partners cancel, the cut - off scale is 1 TeV, we have
( Liddle A. R., 2015):

B (103 )4
16 2
In other words, here the predicted value is 56 orders of magnitude larger

=6.33x10° “4(4.12)

than the observed one. This is called the fine -tuning or cosmological constant

problem.
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Coincidence problem
In the ACDM nobody can explain why the energies densities of non -
relativistic matter and cosmological constant are comparable at the present

epoch is the coincidence problem. This is bizarre since ( Liddle A. R., 2015):

—  3(413)

which implies that A was negligible in the past and will dominate in the future.
Considering that A is an initial condition in the early Universe, it seems
unlikely to have at the present epoch comparable value to matter density
while galaxies and other large scale structures have formed. If the energy
density of the cosmological constant was a couple orders of magnitude higher
in the early Universe, then galaxies and other structures wouldn’t have formed,
because the accelerating expansion of the Universe would have started
earlier. On the other hand, if it was a couple order of magnitude lower, it
wouldn’t have been detectable. A possible solution to this problem is the
anthropic principle. ( Liddle A. R., 2015).

Anthropic principle

It was introduced by Carter in 1974. The basic idea is that the world is the
way it is, because otherwise there would be no life on Earth and consequently,
no one would wonder why the world is the way it is.

According to the weak anthropic principle we are here as one more
experimental datum, while the strong version states that the laws of nature
are incomplete without the conditions that allow intelligent life to arise. (Liddle
A. R., 2007).

4.1.2 Observational challenges

These challenges occur when different observations favor different values of

the same parameters and usually these parameters are Ho and Growth
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tension. A more detailed analysis for all tensions and curiosities that concern
the ACDM model can be found in (Escamilla-Rivera C., 2016).

Ho tension

The Hubble constant is obtained to have value of Hy =674+
0.5 kms™*Mpc™, according to data from CMB and BAO measurements, as
well as ACDM background cosmology. But from local measurements from
SNla data the Hubble constant is obtained to have a value of Hy = 74.03 =
1.42 kms~tMpc™ (Ross A. J. et al., 2015). This discrepancy is 4.40 (Anderson
L. et. al., 2014) and in general it can range to over 50 depending on the local
data that are used (De Sainte Agathe V. et. al., 2019).

Growth tension

The growth rate and magnitude of linear cosmological perturbations are
affected by the matter density parameter Qom and the amplitude of the
primordial power spectrum, which is defined within the parameter os, the
linear amplitude of matter fluctuations on scale of 8h-'"Mpc.Observations from
Weak Lensing and Redshift Space Distortion, two dynamical probes, indicate
that the observed growth rate is weaker than the theoretical prediction in the
context of ACDM with parameters determined from observational background
expansion rate using data from geometrical probes, like SNla, CMB, BAO.

Dynamical probes favor smaller values of Qom, 0s, than the geometric ones.
This discrepancy varies from around 20 - 30. The tension decreases below
20 when only the constraints from SNla data are taken into account or when

marginalized confidence contours are used. (Ross S. M. )
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4.1.3 Maximum Likelihood Estimation

BAO and CMB Data

Within our Mathematica implementation, we build the x? function for the
given model, denoted as x?(Qom, h). For this procedure, we adopt the
parameter value Q,h?=0.02236. We then perform two distinct statistical
analyses: the first relies exclusively on Baryon Acoustic Oscillations (BAO)
measurements, while the second incorporates both BAO and Cosmic

Microwave Background (CMB) observations (Aghanim N. et. al., 2020)
For the initial approach utilizing only BAO measurements, the expression is:

()= 2% (419
where ? s given by Eq. (3.53).
When combining both the BAO and CMB datasets, the function becomes:
()= %2 + 2% (415)
where 2 s specified in Eq. (3.36).

The SNla data are used to constrain the Qom parameter using the

degenerate combination . Thus, the function is:

2, )= (4.16)

Finally, the combined data are described through the function:
2, )= *? + 2 4+ 2 (417)

4.2 Spatially-flat w-CDM model
This model is characterized by a spatially - homogeneous fluid with equation

of state parameter:

0= —<—= (4.18)
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Here, wo is constant. When it is equal to -1, we have the ACDM model.

Thus, the Friedmann equation for a flat universe with matter and a spatially -

homogeneous fluid with w < -1/3 is:

5, _ 8
O==5C + o (419)

In terms of dimensionless density parameters, (4.19) takes the following form:

2(0)= ol @+ P+ 1+ )30+ 0](4.20)
with
+ o=1 (4.21)
For the analysis, the same data from Pantheon, CMB and BAO will be used,
while M and h will be examined separately:
2 )= 2 + 2 4 2 (422

4.3 Scalar field dark energy models (Quintessence)

For quintessence we take a canonical scalar field minimally coupled, i.e
feeling only gravity, passively through the spacetime curvature. A self -
interaction is described by the scalar potential V(@). Thus, the Lagrangian
density is (Scolnic D. M. et. al., 2018):

== - () (4.23)

The energy momentum is described through Noether prescription as:

-2 (=)
= 4.24
= (4.24)

The tensor reduces to:
_ ; v, ; — 4.25)

From the first term we have:
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V=) 1 ()__ 1 _1
BTt = =5V (4.26)

From the second term we have:
1

= ] _1 _1 4.27
As a result, the energy tensor takes the form:
=— —-2—— = — (4.28)
Substituting we get:
1
= - G - () 429

Assuming a scalar field close to spatially uniform, then we can neglect its

spatial derivatives compared to its time derivatives. As a result, Ty is
considered to be diagonal.

The energy density and pressure are equal to:

2
00 =5 %+ () (4.30)

= = ==-0) (431)

(4.32)

For a field where kinetic energy dominates ( 2>> ( )):
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2_2()~ 2

On the other hand, when potential energy dominates ( 2 << ( )):

2-2 () _—2 () _
2+2 () 2 ()
For =0 we getw =-1.To play the role of dark energy, quintessence should
have (Scolnic D. M. et. al., 2018):
1 2=2()_1 ) )

2< () (4.35)

()= -1 (434)

However, this is not enough, since dark energy domination today requires
—1 not only for today, but for an extended period of time (roughly,
between 1 until now). Thus, we need not only (4.35) to be valid, but the

inequality should also be valid for their time derivatives:

=<k o a2

‘() :
1< =<1 O (4.36)
where '( )= ( )/
(4.35), (4.36) are called Slow - Roll condition and can become negative if the
scalar field varies slowly with time.
In general, the dynamics of a homogeneous scalar field is determined by the

Klein - Gordon equation:
+3 + '()=0 (4.37)

Assuming a flat universe with matter and quintessence, the Friedmann

equation takes the form:
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2(y=2_( + )= +—+ ()) @ss)
-3 3 2 '

In terms of dimensionless density parameters:

0= ¢l oare o (LU g
0

1+

where (1.27) is used to define py. Also,

In this model the parameters are  and the parameters used to

parameterize w(z).

4.3.1 Chevalier - Polanski - Linder (CPL) model

The model was a proposal from Chevalier - Polanski and Linder, according
to which (Scolnic D. M. et. al., 2018), (Kazantzidis L. & Perivolaropoulos L.,
2020):

1
()= ot @A=)= ot (A-7— (4.41)

which is a Taylor expansion around a = 1, keeping only the linear terms:

()= (=1)+( -1 '( =1+ (? (442

The present value is:

()= o+ Q= 0)= o (4.43)
The slope is:

()=—2=- (4.44)
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The CPL model is the third model that will be examined in this paper.

4.4 Phantom energy model

It is worth to mention phantom energy models, they are characterized by
constant equation of state w < -1. Thus, the acceleration of the Universe is
even bigger, something that leads to the so- called Big Rip, in which all
structures will be destroyed and dark energy will dominate even more. The
phantom energy can emerge in many ways, like a negative kinetic term or
modification of the Friedmann equations.In (Riess A. G., 1998), a toy model
was made. Phantom energy seems to work in the expansion of universe, but
the particles of this energy decay very fast to gravitons until a cut - off scale of
100 MeV. For this reason, the existence of phantom fields is difficult, but it

cannot completely be excluded as an idea.

4.5 Calculation of x?and contours.

ACDM model

The codes that | ran in Mathematica was about the calculation of x? and
contours about the parameters on which the function depends on. At first, the
calculations were only about the ACDM model and were either from BAO and
CMB measurements separately. Then, BAO and CMB data were combined.
After that, Pantheon data were added, in order to see how much the
parameters are constrained. The parameters were the density parameter Qom,
the degenerate magnitude and h. The results were the following figures
and the table:
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Figure 4.1: The 10-30 confidence contours in the parametric space ( ,Qom)
due to the BAO and the BAO + CMB data
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Figure 4.2: The 10-30 confidence contours in the parametric space
( ,Qom).The red contour corresponds only to the full Pantheon dataset while

the blue contour corresponds to the Pantheon+CMB+BAO data combination.
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BAO +CMB SNia Combined
0 0.3175+0.0059 | 0.299 +0.022 | 0.3166 + 0.0057
- 23.809 +0.011 | 23.817 +0.049
h 0.6720 + 0.0039 - 0.6725 + 0.0038
2 6.531 1025.63 1032.79

Table 4.1: The best fit - parameters of the ACDM model based on different

measurements

We can see that in both figures the parameters are constrained when the
CMB data are mainly introduced to the calculations. Especially in fig.2, the
CMB data constrain a lot the parameter of Qom, something that can be seen

through the elongated ellipse in its x-direction.

wCDM - CPL model
Afterwards, we make the same thing for the wCDM model where wy is a

parameter and the CPI model, where wo and w, are parameters.

NACDM wCDM CPL
0 0.3175+0.0059 | 0.3144 +0.022 | 0.3145 + 0.0057
0 -1 —1.01+0.03 —1.08 +£0.15
- - 0.24 +£0.47
23.817 +£0.049 — -
M —19.42 +£0.02 —19.43 +£0.02
h 0.6725+0.0038 | 0.675+ 0.008 0.674 +0.011
2 1032.79 1032.69 1031.82
AlC 1038.79 1040.69 1041.82
BIC 1046.72 1053.59 1059.68

Table 4.2: The best fit - parameters for the three models based on

measurements from BAO, CMB, Pantheon data
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Figure 4.3: Contours in the parametric spaces of all combinations of wCDM

parameters

The wCDM and CPL model give about the same value for Qom, while CPL

gives even smaller value for wo than the other two models.
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We also add the Riess point (Riess G.A et al, 2019), so we have:

2 — 2 + 2 2 + 2 (445)
with
2 2
, (- )> _( —0.7403)
= = 4.46
2 0.01422 (4.46)
ACDM wCDM CPL
0 0.3118 +0.0055 | 0.298 + 0.007 0.298 + 0.013
0 -1 —1.07 +0.03 —1.12+0.16
B - 0.24 + 0.47
23.814 + 0.049 - -
M —19.39 £ 0.02 —19.43 +0.02
h 0.6758 +0.0038 | 0.693 + 0.008 0.674 +0.011
2 1054.49 1047.87 1047.34

Table 4.3: The best fit - parameters for the three models based on

measurements from BAO, CMB, Pantheon data and Riess point
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Figure 4.4: The parametric space for the wCDM model with and without Riess

point
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Figure 4.5: The parametric space for all parameters of CPL model with and

without Riess point
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The addition of Riess point has the same effects in both models, higher
value for the Hubble constant, lower values for the matter density and
equation of state. The addition of the Riess point also relieves the tension
between the absolute magnitude calculated and MgP'8, still remains in tension
with MgR?0.

Evolution of the scale factor a(t) for ACDM Model

1o Error Band
—— Best-fit ACDM (Qom = 0.3166, h=0.6725)
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Figure 4.6: The evolution of scale factor and its error band

Final results

Since ACDM has lower AIC and BIC values than the other two models, and
since the value of equation of state for the ACDM model is not excluded from
the values of best-fit parameters of the other two models, the ACDM model is
preferred over the other two. So, using a Python code, the Friedmann
equations, and the best - fit parameters of the model analysis, the evolution of
the scale factor is in fig. 4.6. The age of the universe is also calculated to 13.8

billion years.
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Conclusion

In this thesis, the purpose was to find the best fit for the scale factor a(t). At
first, the theory of the cosmological models and the distances in the universe
was developed. We used data analysis techniques and especially maximum
likelihood estimation to constrain a number of spatially - flat cosmological
models. In order to do that, we construct the x? function for each model using
observational data from Type la Supernovae observations coming from the
Pantheon dataset as well as Baryonic Acoustic Oscillations (BAO) and
Cosmic Microwave Background (CMB) measurements coming from recent
surveys. The aim is to minimize it to obtain the best-fit values for the
parameters. We also want to make a comparison for all possible cosmological
models. During the analysis, we also use the Riess point.

The CMB data can constrain better the spatially - flat cosmological models in
the ACDM model, while SN data prefer smaller values for matter density and
higher ones for Hubble constant. When it came up to the comparison of the
three models, wCDM and CPL models prefer lower values for matter density
and higher ones for Hubble constant than ACDM.

Although, ACDM has bigger value for x?, it has lower AIC and BIC values
than the other two models, so it is preferred over them, and the final result is
the evolution of the scale factor a(t) using the best - fit parameters of the
ACDM model.
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