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Iepiinyn

H KBoavtikry ®copia I[TAnpoeopiog (KOII) mapéyet éva pabnuatiké miaiclo Paciopévo ot Bewpio mAnpoeopiog yo v
TEPLYPAPT KPOVIIKOV GCUOTNUATOV Kol TOV OTOTIOTIKOV TOLG WOOTHTOV. ZKOWOG TG mMopovoas MEeTanTuytokng
Aumhopatiucg Epyaciog elvat n avamtuén facikdv evvoumv g KOIL, Eexivdvtag amd to pabnpotikd miaiocto g KOIT kot
KOTOAYOVTOG OTNV EIG0YOYT TG €vIpomiog von Neumann kot g apoifaiog mAnpopopiag ™G mOCOTIKOY HETPMY TOL
HEGOV TANPOPOPIOKOD TEPLEYOUEVOD KOl TMV GUVOAMK®OV CLOYETICE®MV HETAED TOV LTOCLOTNUATOV &vOg cOVOETOV
KkBaviikod cvotiuatog, avtiotoyya. H pobnuotiky yAOCGO TV TEAESTOV TLKVOTNTOG TOPOLGACETOL MG M YEVIKN
LoONUaTiKy YAOCSO TOV KBOVIIKOV KOTOOTACEMY, EVOMUATMOVOVTAS TOCO TiG Kafapég 0G0 Kol TIG UEIKTEG KOTOOTACELS
€VTOG €vOG Kool pobnpatikod eoppoiiopov. H minpoeoplokn meptypapn Tov KPaviiK®v KOTUCTAGE®V OVOTTOCCETOL
miveo oe avtd to Bepédo, pécw TG mapovoiaong g evipomiog von Neumann kot TV PocIKOV HOOMUOTIKOV TG
WO0THTOV 1310iTePN EUPaon divetal 6Ty dEGUEVUEVT] EVTPOTIO KOl TNV GYETIK EVTPOTIN, TOV 0moimV 01 Pacikég 1010TNTES
kaBopilovrar ko epunvedovtar oto mAaicto g KOIL. To tehxd pépog g Metantuytokng Amiopatikng Epyaciog etvon
aQlEpOUEVO otV Topovsiaon g apolaiog mAnpopopiog von Neumann: mopovcstdfovior ot Bactkés Labnuatikés g
wotnteg, padi pe wodbvapeg ekppdoelg g apolfaiog TAnpoeopiog von Neumann g mtpog v gviponio von Neumann,
TNV OEGUEVUEVN EVTPOTIQ. KOL T GYETIKN EVTPOTia, 00 TIG OTOieg TPOKLATEL 1] epunveia TG apoifaiog TAnpogopiag von
Neumann ®¢ évo. HETPO TMV GVVOMK®DY GLOYETIGEMV 6€ £vo. cVUVOETO KPaVTIKO GVOTNUO. AVTITPOCOREVTIKG TOPAdELYUATA
OV TEPIAUUPAVOVY TOVUGTIKG YIVOUEVH KATACTACE®Y, S0YWPICILES KOTAGTACELS, Kol HEYIOTO EUTAEYUEVEG KOTAGTACELS
Bell, avadeucvoouv ) cvpmepipopd ¢ apotPaiog mAnpogopiag von Neumann yio St0POPETIKEG KAACES KPOVIIK®V
kataotdoewv. Ot évvoleg g KOIL, mov avarntocoovtal ko' 0An ) dudpkelo tng Metantuylokng Amlopatikig Epyoaciog
mapéyovy amopoitneg tpobnmobioels yio wo mpoympnpéva Bépata oty KOII, coumeplopfovolévoy Tmv epoproymV TG
otV kPavtikn Bewpia p€Tpnong, kol 6To upuTEPO MEdT0 TG Beperinong tng KPavtikng Bewpiog.
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Abstract

Quantum Information Theory (QIT) provides an information-theoretic mathematical framework
for the description of quantum systems and their statistical properties. The purpose of the present
Master’s Thesis is to develop essential concepts of QIT, beginning from the mathematical frame-
work of QIT, and culminating in the introduction of the von Neumann entropy and mutual infor-
mation as quantitative measures of the average information content and of the total correlations
between by the subsystems of a composite quantum system. The language of density operators is
presented as the general language of quantum states, accommodating both pure and mixed states
within a common mathematical formalism. The information-theoretic description of quantum
states is developed upon this foundation, through the presentation of the von Neumann entropy
and its essential mathematical properties; specific emphasis is placed on the conditional entropy
and the relative entropy, whose essential properties are established and interpreted within the
context of QIT. The final part of the Thesis is devoted to the presentation of the von Neumann
mutual information; its essential mathematical properties are presented, along with equivalent
formulations of the von Neumann mutual information in terms of the von Neumann entropy, the
conditional entropy, and the relative entropy, from which the interpretation of the von Neumann
mutual information as a measure of the total correlations in a composite quantum system emerges.
Representative examples involving product states, separable states, and maximally entangled Bell
states, highlight the behaviour of the von Neumann mutual information, for different classes of
quantum states. The concepts of QIT developed throughout the Thesis provide essential pre-
requisites for more advanced topics in QIT, including its applications to the quantum theory of
measurement, and the to broader field of the foundations of quantum theory.
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Overture

It is the author’s understanding that we live in an era that is characterised by emerging and devel-
oping unscientific views, and especially by views of distrust of, or even hostility towards, scientific
methodology, and science, in general. It is also the author’s opinion that the general causes of
this cognitive decline are evident, and that its effects are certainly detrimental, and potentially de-
structive, to civilisation; such a discussion being, however, certainly well beyond the purpose of the
current presentation. With regard to the general topic of the present Master’s Thesis, inside the
multitude of diverse examples of such fallacious and reprehensible unscientific views, there exists
a distinctive class of specific cases of misconceptions relating to quantum theory. These cases vary
between expositions of usually well-intentioned, yet untenable, “alternative” interpretations of the
formalism of quantum theory, often endeavouring to undermine the irreducibility of the probabilis-
tic character of quantum theory, and instances of predominantly profit-seeking, blatant conceptual
abominations, customarily striving to fuse quantum theory with various delusional superstitions.
Taking into account the potentially dire situation regarding the typical public acceptance of sci-
entific methodology, the author considers at least a brief statement on the general and essential
issues of scientific methodology, to be imperative. Although, throughout this Master’s Thesis,
general or more special philosophical and methodological issues are not explicitly considered, the
presentation of the essential concepts of QIT is consistent with critical scientific realism gener-
ally, and specifically emergent materialism, as it is documented in [1]. In that capacity, through
consideration of objective reality as existence independently of any form of consciousness, and of
quantum systems as the elements of the ontology of quantum theory, the author generally accepts
the objective reality of quantum systems, as well as of all the properties and motion in quan-
tum systems, and specifically accepts the objective reality of space-time, as the form of existence
in quantum systems, that is to say, accepts quantum systems as material entities. Accordingly,
all concepts that are contained in this Master’s Thesis, are considered to reflect objectively real
features of quantum systems.



Chapter 1

Motivation and Introduction

1.1 Context and Motivation for Quantum Information The-
ory

Quantum Information Theory (QIT) is a discipline that studies the information content of quantum
theory, by extending and, thus, generalising concepts from the traditional, classical information
theory, in order to describe the statistical structure and properties of quantum states. Due to
the fundamentally and irreducibly probabilistic character of quantum theory, classical information
theory, being a systematic combination of probability theory, statistics, and statistical mechanics,
offers a natural candidate of a mathematical framework to be extended and generalised for the
purpose of its application to the description of the statistical structure and the various statistical
properties of quantum states, and, thus, for the deeper comprehension of the various concepts of
quantum theory.

Since its emergence near the middle of the 20th century, knowledge of QIT is in the process of
becoming indispensable for quantum scientists in general, whether their interest lies in applied or
in more theoretical aspects of quantum mechanics. The highly anticipated applications of QIT,
with quantum computation as the prime example, fuelled the scientific interest and endeavour
of physicists and mathematicians alike in QIT, originating, consequently, the various specialised
disciplines that constitute the general, and rapidly developing, technological field of quantum en-
gineering. The conceptual depth, and accordingly, the significance of QIT, is naturally highly
diverse; this is, of course, to be expected, as it is certainly true for both of its theoretical com-
ponents, namely classical information theory, and quantum theory. A distinguished example,
illustrating this conceptual depth of QIT, is its generalisation of the concept of entropy, by the
formalisation of the concept of entropy in a systematic manner, and in relation with the statistical
structure of quantum states.

1.2 The concepts of von Neumann Entropy and Mutual
Information in Quantum Information Theory

The concept of entropy is essential to QIT. The von Neumann entropy, being the quantum extension
and generalisation of the Shannon entropy of classical information theory, naturally expresses
the average information content of quantum states [2]. It can be proved that the value of the
average information content of a quantum state is inextricably linked to the degree of the purity



(or, conversely, of the mixedness) of the quantum state, which, thus, may also be quantified by
the value of the von Neumann entropy [3]. The importance of the von Neumann entropy is
highly manifest in the case of composite quantum systems as well, as certain quantum states of
such systems may possess various degrees of quantum entanglement. Quantum entanglement is a
property of certain quantum states of any composite quantum system, that expresses the existence
of quantum correlations between its subsystems; this property of quantum entanglement is one of
the most characteristic properties of certain quantum states of composite quantum systems, as it
is a property, which is purely quantum, that is to say, which has no classical counterpart. Various
derived types of entropy, which are defined through the von Neumann entropy, are measures of
the various aspects of the quantum entanglement of a quantum state of a quantum system; the
prime examples of these derived types of entropy are the conditional von Neumann entropy, the
von Neumann mutual information, and the relative entropy, all three of which express different, yet
linked, relational aspects of the von Neumann entropy of the quantum state of a composite quantum
system and the von Neumann entropies of the quantum states of its various subsystems. Notably,
the von Neumann mutual information, being the quantum extension and generalisation of the
Shannon mutual information of classical information theory, is a measure of the total correlations,
both classical as well as due to quantum entanglement, between the subsystems of a composite
quantum system, in a certain quantum state; the von Neumann mutual information is, thus, a
central indicator of the statistical structure and the various statistical properties of quantum states.

1.3 The ideal case of Quantum States of Qubit Systems

The qubit (quantum+bit) is the quantum analogue of the classical bit; that is to say, the qubit
is the quantum extension and generalisation of the classical bit. All the possible, quantum states
of qubit systems, that is to say, of simple or composite quantum systems consisting solely of
qubits, constitute a certain qubit - Fock subspace of the universal Hilbert space of quantum
theory. The members of this qubit - Fock subspace possess a relatively less complex statistical
structure and properties; thus, they seem ideal for a relatively clearer presentation, lacking in heavy
calculations, of the general, and essential, concepts of QIT. Therefore, throughout this Master’s
Thesis, the author, preferring conceptual clarity to computational prowess, will consider mainly
quantum states of qubit systems, though all of the essential mathematical facts, in this Master’s
Thesis, which are relative to quantum states of qubit systems, may be appropriately generalised
for quantum states of any quantum system in a straightforward manner.

1.4 Purpose and Structure of the Master’s Thesis

The main purpose of this Master’s Thesis is a clear, concise, and relatively independent, pre-
sentation of the von Neumann entropy and mutual information in qubit systems. The current
presentation is structured as follows: Chapter 2 is a short introduction to the main aspects of
the mathematical framework of QIT, with specific reference to quantum states of qubit systems.
Chapter 3 is devoted to the presentation of the von Neumann entropy, including its properties
in quantum states of single qubit systems and of 2-qubit systems. Chapter 4 is an exposition
of classical and quantum correlations in quantum states of 2-qubit systems, after identifying the
von Neumann mutual information, as a measure of the total correlations in a quantum state. Fi-
nally, Chapter 5 is a summary of the concepts that are contained in the current Master’s Thesis,
indicating the significance of its contents, and mentioning its potential expansions.



Chapter 2

Mathematical Framework of Quantum
Information Theory

The purpose of this Chapter is to introduce the essential mathematical framework of QIT required
for the study of the von Neumann entropy and mutual information in qubit systems. To this end,
the fundamental definitions regarding generally quantum systems and their states, and specifically
qubits, are presented, which form the foundation for the concepts that are contained in the subse-
quent Chapters. Indeed, this Chapter is not intended as a complete exposition of quantum theory;
in fact, several important, yet irrelevant to the purposes of this Thesis, notions of quantum theory,
such as measurement, have been omitted. The structure and notation used in this Chapter follows
that of [2], to a certain measure.

2.1 Quantum Systems and Quantum States

A quantum system may be most generally regarded as a mathematical abstraction of a physical
system, which is capable of storing store quantum information, that is to say, as a register [2].
Appropriately, for any description of a quantum system, a complex vector space, along with its dual
space, and a relative index set, may be considered to be associated to the quantum system. In the
context of QIT, such complex vector spaces are, typically, finite-dimensional complex Euclidean
spaces, anti-isomorphic to their dual spaces, and determine the mathematical setting, in which
quantum states may be defined; naturally, subsets of N may, without loss of generality, be used
as index sets relative to these complex vector spaces, or even relative to any space associated to
them, in any respect, and they will be used as such implicitly throughout this Thesis.

A n-dimensional complex Euclidean space, denoted by C", is a vector space over the field of
complex numbers, C. The inner product on C" is defined as a function:

<ee>(C"x(C"—=C

satisfying the properties of linearity and conjugate-symmetry; in particular, the inner product on
C™ is conjugate-linear in the first and linear in the second argument. This inner product induces

a positive-definite norm:
VeeC" (z||:=vV<z,2>2>0)

where ||z|| = 0 < x := 0. An orthonormal basis of C" is denoted by {e}.



Operators over C"

The set of all operators over C", mapping C" to subsets of itself, is denoted by £(C™). Five special
subsets of L(C") are the following:

I. The subset of normal operators, which is denoted by A/(C"), that is defined as:
N(C") :={N e L(C"): N°N = NN*} (2.1)
I1. The subset of self-adjoint operators, which is denoted by S(C™), that is defined as:
S(CY:={SeL(C"): 5 =5} (2.2)

I11. The subset of positive semi-definite operators, which is denoted by Pos(C™), that is defined
as:

Pos(C"):={P e L(C"): (IX e L(C"): P=X"X)} (2.3)
IV. The subset of density operators, which is denoted by D(C"), that is defined as:
D(C") :=={p € Pos(C") : Tr(p) =1} (2.4)
V. The subset of projection operators, which is denoted by by P(C"), that is defined as:

P(C") := {Il € Pos(C") : 11> = 11} (2.5)

Evidently, it holds that: P(C"), D(C") C Pos(C") ¢ S(C*) ¢ N(C*) c L(C"). Normal
operators are characterised by the spectral theorem, which states that any normal operator can
be entirely expressed as a linear combination of, mutually orthogonal, projection operators [2].
Furthermore, it can be straightforwardly proved that the eigenvalues of self-adjoint operators
are real, and that the eigenvalues of positive semi-definite operators are real and non-negative;
specifically, an eigenvalue of any projection operator may be either 0 or 1.

2.1.1 Quantum States

A quantum state may be most generally regarded to be a mathematical abstraction of a physical
state of a quantum system. A quantum state is typically defined as a density operator in D(C").
Accordingly, the general properties of quantum states are, by definition, in correspondence to the
mathematical properties of density operators in D(C™). It can be straightforwardly proved that
D(C™) is a convex set. Thus, for any subset:

{pe} € D(C)

it holds that any convex sum of its elements is an element of D(C"), that is to say:
> p(k)pr € D(C")
k

As any convex sum in D(C") is by its definition related to a probability distribution, convex sums
in D(C™) are called probabilistic miztures of quantum states. Any probabilistic mixture of quantum
states may be associated to a function n : N — Pos(C"), iff Tr(n) is a probability distribution;
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such a function 7 is called an ensemble of quantum states [2]. Specifically, for an ensemble of
quantum states, 7, its range, {n(k)}, is associated, through its probability distribution, 7'r(n),
to the probabilistic mixture of quantum states ), n(k); thus, any element of the range of n
corresponds to a quantum state along with the probability related to it [2]. It is worth noting
that the map from ensembles of quantum states to probabilistic mixtures of quantum states is not
injective in general; it can be proved that different ensembles of quantum states may be associated
to the same probabilistic mixture of quantum states.

Flat, Pure, and Mixed Quantum States

Any projection operator of non-zero rank, I, may characterise a density operator, p, in the sense

of the following:
IT

Tr(1I)

Quantum states of the above form are called flat states [2]. As the trace of a projection operator
is equal to its rank, a projection operator is by itself a density operator iff its rank is equal to
1, specifically. Any quantum state that is equal to a rank-1 projection operator, is called a pure
state; any quantum state that is not a pure state is called a mized state. As any density operator
is also a normal operator, it may be entirely expressed as a convex linear combination of, mutually
orthogonal, projection operators; therefore, any mixed state is equal to a probabilistic mixture.
As a reminder, the map from ensembles of quantum states to probabilistic mixtures of quantum
states is not injective in general; thus, there is not, in general, a unique ensemble of quantum states
associated to a mixed state.

A particularly interesting instance of a mixed state that is also a flat state is the completely mized
state, that has a form as in the following:

p= (2.6)

I(Cn
p =

2.7
c (27)
where I¢n is the identity operator over C". A completely mixed state is equivalent to a uniform
probabilistic mixture, so its form may represent a situation of a complete lack of knowledge about
the relevant quantum system [2].

2.1.2 Composite Quantum Systems

In the case of a composite quantum system, consisting of any number of quantum subsystems, the
possible quantum states evidently constitute the set of density operators over the relevant tensor
product complex Euclidean space. For instance, in the case of a composite quantum system,
consisting of two quantum subsystems, the relevant complex Euclidean space is C" ® C™, so the
possible quantum states constitute the set D(C" ® C™). A special subset of D(C" @ C™) is the
subset of product states, consisting of quantum states that can be expressed as tensor products;
this subset is inherently contained in another special subset of D(C" ® C™), the subset of separable
states, consisting of convex sums of product states. Any quantum state that is not a separable
state is called an entangled state; the concept of entangled states is of great importance in QIT,
and is in the core of the concepts that are contained in the subsequent Chapters.



The Partial Trace, Reduction, and Extensions

In the case of a composite quantum system, a characterisation of the quantum state of a subsys-
tem, independently of the remainder of the composite quantum system, is often essential. The
mathematical entity to be considered for this purpose is the partial trace. Considering an arbitrary
tensor product complex Euclidean space, C" ® X, the partial trace with respect to the complex
Euclidean space X, which is denoted by T'ry, is a linear mapping, that is appropriately defined as
in the following:

(Try - L(C"®X) = L(C) : YA€ L(C"), Be LX) (Trx(A®B)=ATr(B)) (28)

It is evident that the partial trace, T'rx, is uniquely determined by the above definition, (2.8), due to
linearity. In the specific case of a quantum state p € D(C" ® X), the partial trace Trx(p) € D(C")
is called the reduced quantum state, or, simply, the reduction, of the quantum state p, with respect
to the complex Euclidean space C™; conversely, the quantum state p € D(C" ® X)) is an eztension
of the quantum state Trx(p) € D(C"), with respect to the tensor product complex Euclidean
space C" ® X. It can be straightforwardly proved that, while a reduction of a quantum state with
respect to a particular complex Euclidean space is uniquely determined, by the partial trace, any
quantum state may have infinite extensions with respect to a particular complex Euclidean space.
A specific kind of extensions of a quantum state are extensions to pure states; these extensions are
called purifications. The concept of purifications of a quantum state is often quite useful in QIT,
simplifying various complicated calculations, in virtue of allowing for consideration of pure states
instead of mixed states.

2.2 Qubit Systems and States

The qubit (quantum-+bit) is the quantum analogue of the classical bit; that is to say, the qubit is the
quantum extension and generalisation of the classical bit. Accordingly, a qubit is a specific case of a
quantum system, which may be appropriately considered to be associated to the complex Euclidean
space C?; an arbitrary qubit state may then be expressed as a density operator p € D(C?).
Denoting an orthonormal basis of £(C?) by FEg, an arbitrary qubit state is expressed as:

2
p= Z pabEab (29>

a,b=1
with:
p2=1—pn (2.10)
p21 = P12 (2.11)
and:
12> < p1a(1 = pu1) (2.12)

where the equality holds iff the state is pure. Obviously, the completely mixed state of a qubit
satisfies p1o = p21 = 0, and thus possesses the eigenvalues p;; = por = % The eigenvalues of a
density operator play a central role in QIT; as it will become apparent in the following Chapter,
the value of the von Neumann entropy depends exclusively on these eigenvalues. Consequently,
the spectral properties of qubit states provide the means of quantifying information in quantum

systems.
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2.2.1 Composite Qubit Systems

Although arbitrary states of qubits already exhibit uniquely quantum features, such as superposi-
tion, which are not considered here, the most distinctive phenomena of QIT happen when several
qubits are combined into a composite quantum system, as only the structure of a composite quan-
tum system can amount to quantum entanglement, and, thus, correlations between its subsystems.
The canonical examples of such composite qubit systems, for the exhibition of correlations between
their subsystems, are 2-qubit systems. Naturally, a 2-qubit system is associated to the complex
Euclidean space is C?> @ C?, and an arbitrary 2-qubit state may then be expressed as a density
operator p € D(C? ® C?). Given two arbitrary qubit states for the 2 qubits, p), p(B) € D(C?),
the product state, pBM ¢ D(C? ® C?), may be expressed in a straightforward manner, as:

PABLI _ (4) o (B) (2.13)
(AB

while a convex sum of product states py, = D(C? ® C?) having the above form, may express a
separable state, p(4P)* € D(C? ® C?), as:

PAB)LE Z p(n)pABI1 (2.14)

In the case of an arbitrary product state of a 2-qubit system, p(AP)11 € D(C2®C?), of the form of the
above eq. (2.13), it is evident that its reduced states are simply its factor states p), p(B) € D(C?).
In the case of an arbitrary separable state of a 2-qubit system, p45)* € D(C? @ C?), of the form
of the above eq. (2.14), it is evident that its reduced states, p), p(B) € D(C?), are the respective
probabilistic mixtures of the states pgA), png) € D(C?); this fact generally suggests the existence of
classical correlations between the subsystems of a composite quantum system, when its quantum

state is a separable state.

A pedagogical example

Consider the pure qubit states:
E1, By € D(C?)
These states determine the product states:
pgAB%H = E1 ® By, PéAB)’H = L1 ® B, P;(),AB)’H = L9 ® By, PE;AB)’H = F5 ® Ey

as well as the family of separable states composed by the convex sums of the form:

4
p(AB),Z — anpglAB),H
n=1

The reduced states are, respectively:



as well as:

4
P =>"p.pl
n=1

4
PP =>"pupl?
n=1

Entangled Quantum States and the Bell States

Most of the states p € D(C? ® C?) are not separable, thus, they are entangled states. As it has
already been mentioned, entangled states play a central role in QIT, and constitute the source of
quantum correlations; as it will become apparent in the subsequent Chapters, the von Neumann
entropy and mutual information provide powerful means for measuring such correlations. The
canonical examples of 2-qubit entangled states are the four Bell states, ¢(48)* and 4B+ where:

1
¢(AB)’i = §(E11 ® E11 £ By @ By &+ Egy @ Eyy + Eoy ® Eoo) (2.15)

and:
1
¢(AB)’i = §(E12 ® E19+ F19 @ E9y £ E9y @ Eyg+ Ey @ Eoy) (2.16)

Considering that F.,F.q = 0p.Fqq, it can be easily proved that the four Bell states are pure states.
A remarkable fact regarding the Bell states is that, although they themselves are pure states, the
quantum state of any subsystem is a completely mixed state; this fact can be easily verified through
the partial trace with respect to the other subsystem, as in the following: Denoting the quantum
states of the subsystems as p)(B) it is the case that: p)(B) = Trp 4(pAB)); application to any
of the Bell states, piA4B) = pAB)E 4)(AB)+  vields that:

1
) — 5B — 21, (2.17)

p 2

The Bell states provide the simplest examples of pure entangled states, exhibiting particular cases
of correlations between the subsystems of a 2-qubit system, and serve as the canonical examples of
pure, entangled states of a 2-qubit system; for this reason, the Bell states will be used repeatedly
in the subsequent Chapters. Moreover, it is evident that, with respect to purity and quantum
entanglement, the four Bell states are equivalent; for this reason, in the subsequent Chapters,
it will be sufficient to consider, without loss of generality, a single Bell representative, for the
exhibition of the various measures of correlations between the subsystems of a 2-qubit system.
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Chapter 3

The von Neumann Entropy

The purpose of this Chapter is to introduce the von Neumann entropy, as the quantum exten-
sion and generalisation of the Shannon entropy of classical information theory, and to present its
essential mathematical properties in quantum states of single qubit systems and of 2-qubit systems.

3.1 Definition of the von Neumann Entropy

As it was mentioned in the previous Chapter, normal operators are characterised by the spectral
theorem, which states that any normal operator can be entirely expressed as a linear combination
of, mutually orthogonal, projection operators [2]. Any density operator, being a normal operator
itself, admits such an expression, which is termed as its spectral decomposition. Thus, for any

p € D(C"), it holds that:
k

where II;, € P(C"), and:

As p € D(C™) C Pos(C™), it also holds that Ay > 0, and that:

Tr(p) = rank(lp)h = 1 (3.3)

Moreover, through consideration of the determinant of p, it is evident that the coefficients A\ are
the eigenvalues of p, each with an algebraic multiplicity of my = rank(Il;). Consequently, the
eigenvalues of p, each of them counted according to its multiplicity, constitute a probability distri-
bution. This fact establishes a close connection between quantum states and classical information
theory; specifically, it suggests an extension and generalisation of the Shannon entropy of classical
information theory, H, for a probability distribution {py}:

H({p:}) : Z prlog(pr)

to its QIT counterpart, S, for the quantum state p of eq. (3.1):

S({A}) : me log(\x) (3.4)
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The standard mathematical reflex is to try to express eq. (3.4) in a form that exhibits the quantum
state p of eq. (3.1) explicitly. To this end, eq. (3.1) may give the following:

log(p) = Y log ()T

and multiplication of egs. (3.1) and (3.4) yields:

k,l

which, due to eq. (3.2), is simplified to the following:

plog(p) = > Aelog(Ap) Tl
k

A straightforward trace on the above expression results in the standard definition of the von
Neumann entropy of the quantum state p:

S(p) == =Tr(plog(p)) = = > _ mxAi log(Ai) (3.5)

The above general derivation of the standard definition of the von Neumann entropy of an arbitrary
quantum state elucidates its connection to the Shannon entropy of classical information theory,
from the naturally justifiable fact that it may depend only on the eigenvalues of the relevant
quantum state. It is thus evident that the von Neumann entropy naturally expresses the average
information content of quantum states.

3.1.1 The Range of the von Neumann Entropy
It is evident from eq. (3.3) that, for an arbitrary p € D(C™), it holds that:

S(p) =0 (3.6)

The above eq. (3.6) expresses the positivity of the von Neumann entropy. The maximum value of
the von Neumann entropy of an arbitrary p € D(C") may be found considering the concavity of
the function f(z) =log(z): Jensen’s inequality [2] yields:

1

1
zk:mk)\k 1Og(>\—k) < log(zk: mk)\k)\ )

k

that is to say:
S(p) < log(n) (3.7)

Concisely, it is thus the case that, for any p € D(C™), the range of the von Neumann entropy is in
the following:
0 < S(p) < log(n) (3.8)
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3.2 The von Neumann Entropy for qubit States

The application of the previous eq. (3.8) in the case of qubit states, p € D(C?), yields:

0<S(p <1 (3.9)
while in the case of 2-qubit states, p € D(C? ® C?), it yields:
0<S(p) < 2 (3.10)

For a pure quantum state, it is obvious that the von Neumann entropy is equal to zero, as a pure
state is a rank-1 projection operator, while for a completely mixed quantum state, it is again
obvious that the von Neumann entropy is equal to its respective maximum value. These facts
are in accordance with, and to be anticipated from, the probabilistic interpretations of completely
mixed states, as uniform probabilistic mixtures, and of pure states, evidently as the degenerate
cases of a probabilistic mixtures [2]. Tt is thus evident that the von Neumann entropy may also
quantify the degree of the mixedness of a quantum state [3].

3.2.1 Product 2-qubit States

A product 2-qubit state, of the form of eq. (2.13), has a von Neumann entropy equal to the sum
of the von Neumann entropies of the states of its subsystems; this can be straightforwardly proved
considering the following statement, from standard operator theory:

log(p™Y @ p'*)) = log(p™)) @ Ic2 + Ig2 @ log(p™)
which yields:
S(pAPI) = —Tr((p" @ p™)(log(p'?V) @ Ie> + Ic2 @ log(p™)))
= =Tr(pP)Tr(p'V1og(pV)) = Tr(pV)Tr (o™ log(p'™))

Thus:
S(pABMTY = S(pA) + S(pB) (3.11)

The content of the above eq. (3.11) is simply the fact that, in a product 2-qubit state, the sub-
systems are independent, as, whenever two subsystems are independent, the average information
content of the composite quantum system is equal to the sum of the average information content
of each of its subsystems; this fact is in agreement with general intuition.

3.2.2 Separable and Entangled 2-qubit States

The above eq. (3.11), for the case of product 2-qubit states, cannot be straightforwardly generalised
for the cases of either separable or entangled states. As the canonical example of 2-qubit entangled
states, the specific case of Bell states is particularly illuminating for the precise information-
theoretic interpretation of the von Neumann entropy. For a 2-qubit system in any of the four
Bell states of Section 2.2.1, the von Neumann entropy is equal to zero, as they are pure states.
Remarkably, this is not the case for the states of the its subsystems: Each of these states is a
completely mixed state, and as such it has a von Neumann entropy equal to 1. The respective
counterpart in classical information theory is impossible. This extraordinary fact suggests that, in
general, the von Neumann entropy of the quantum state of a subsystem is not only a measure of
the average information content of this quantum state as it is in itself; rather, it is also a measure
of the entanglement of the quantum state of the composite quantum system, that is to say, of the
quantum correlations between its subsystems [3].

15



3.3 The Conditional and the Relative Entropy for 2-qubit
States

Various derived types of entropy, which are defined through the von Neumann entropy, are measures
of the various aspects of the quantum entanglement of a quantum state of a quantum system; they
are also central to many proofs of the essential mathematical properties of the von Neumann
entropy.

3.3.1 The Conditional Entropy for 2-qubit States

As eq. (3.11) of the previous Section, for the case of product 2-qubit states, generally suggests, the
von Neumann entropies of the reduced states may be related, through the von Neumann entropy of
the quantum state of the 2-qubit system. Typically, in the context of classical information theory,
the information about one random variable, under specific conditional information about another,
possibly related, random variable, is quantified by the conditional entropy. The conditional entropy
of classical information theory may be extended and generalised by its direct quantum counterpart,
which is termed as the von Neumann conditional entropy. The conditional entropy is defined here
for the reduced qubit states, p, pB) € D(C?), of 2-qubit states, pAB) € D(C? ® C?), as in the
following;:

S(pWpP)) = S(pP) — S () (3.12)

and similarly, for the permutation of (A <> B).

It is evident that in the case of product 2-qubit states, the conditional entropy for any of the
reduced states coincides with its von Neumann entropy; this simply means that the subsystems
of a product 2-qubit state are completely independent, in agreement with general intuition. This
is not the case either for separable or for entangled 2-qubit states; however, it will be proved in
the following Section, that the conditional entropy of a reduced state may serve as an indicator
of the entanglement of its respective 2-qubit state. A preliminary illustration of the conditional
entropy of a reduced state as an indicator of the entanglement of its respective 2-qubit state, can
be given through the example of Bell states. Evidently, the conditional entropy of any reduced
state of a Bell state is equal to —1, demonstrating a fact with no respective counterpart in classical
information theory, where the conditional entropy is non-negative. It feels natural, then, to expect
that the negativity of the conditional entropy of a reduced state determines the entanglement of
at least one of its extensions, namely, its respective 2-qubit state; this will be proved to be the
case in the following Section.

3.3.2 The Relative Entropy for 2-qubit States

While the von Neumann entropy naturally expresses the average information content of quantum
states, a comparison between two different quantum states is also possible. However, a mathemat-
ically adequate comparison would have to consider not only the measure of information contained
in the two quantum states, but also the manner in which that information is distributed, which is
essentially their statistical structure: Indeed, it is obvious that two distinct quantum states may
possess exactly the same von Neumann entropy while having entirely different statistical struc-
tures. Thus, a simple difference of the von Neumann entropies of two quantum states is not a
mathematically adequate comparison between them. Typically, in the context of classical infor-
mation theory, a comparison between two probability distributions of the same random variable
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is provided by the Kullback - Leibler divergence [2]. The Kullback - Leibler divergence of classical
information theory may be extended and generalised by its direct quantum counterpart, which is
termed as the von Neumann relative entropy. The relative entropy is defined here for two arbitrary
qubit states, pI), p® | as in the following:

D(pW||p@) := S(pM), p@) — §(pM)) (3.13)
where S(p), p®)) is called the cross entropy, and is defined as in the following:
S(pM, p®) := —Tr(pW log(p?)) (3.14)

Similarly, the above egs. (3.13) and (3.14) define respectively the relevant entropies for (A <> B);
it is straightforward to see that, in general:

D(pM[|p?) # D(p®][p")

and:

S, p®) # S, p)
The relative entropies of two quantum states are equal to zero iff the states coincide; this will
become evident in the following Section, and it is the essential property of the relative entropy,
enabling it to serve as a mathematically adequate comparison between two quantum states. It is
worth mentioning that, for the case of commuting density operators, the relative entropy reduces
precisely to the Kullback - Leibler divergence; the relative entropy may therefore be regarded as the
genuine direct extension and generalisation of the Kullback - Leibler divergence to, typically non-
commuting, quantum states [2]. Unlike the von Neumann entropy, which is an intrinsic property
of a quantum state, the relative entropy is a relational property of two quantum states. From a
mathematical point of view, the relative entropies of two quantum states measure the extent of
difference between these states. However, the asymmetry of the relative entropies of two quantum
states is sufficient to demonstrate that the relative entropy cannot be interpreted as a distance
between two quantum states; rather, it may be more accurately interpreted as the divergence
between the quantum states relative to the approximation of one by the other, so that no symmetry
is to be anticipated [4].
Logically, the relative entropy occupies a central position in QIT, because many of the essential
mathematical properties of the von Neumann entropy follow directly from features of the relative
entropy. Furthermore, in the following Chapter, the von Neumann mutual information will be
expressed as the relative entropy between a 2-qubit state and the product state of its reduced states,
providing directly an interpretation of mutual information as a measure of the total correlations
between the subsystems of a composite quantum system.

3.4 Mathematical Properties of the von Neumann Entropy

3.4.1 The Subadditivity Theorems

Among the various relations satisfied by the von Neumann entropy, the Strong Subadditivity
Theorem (SST) occupies a distinguished position. It is one of the deepest structural theorems of
QIT, and underlies most of the mathematical properties of the von Neumann entropy [5]. The
proof of the SST is highly nontrivial, relying on advanced methods from operator theory, and thus
lies beyond the scope of the present Thesis; a complete proof of the SST may be found in [Nielsen,
6]. The SST for qubit states is presented below, similarly to its presentation in [5]:
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The Strong Subadditivity Theorem (SST)
Consider an arbitrary 3-qubit state p42¢) € D(C? ® C? ® C?). It holds that:

S(pUBN) 4 S(pB) < S(pAB)) + §(pBO) (3.15)

and similarly for permutations of (A, B, C).

In terms of the conditional entropy, the SST states that:
S(PD]pED) < §(p Do) (3.16)

and similarly for permutations of (A, B,C). The SST in the form of the above eq. (3.16) is
transparent with respect to its interpretation: The content of the SST is the simply the fact that
any additional conditional information of a reduced state of a quantum system cannot decrease the
conditional information content of another reduced state, that is to say, its conditional entropy;
this fact is in agreement with general intuition. In other words, additional information about a
subsystem of a quantum system can only increase, or, at worst, leave unchanged, the information
regarding another subsystem of the quantum system. Although the SST itself will be assumed
in the remainder of the Section, several important consequences may follow almost directly from
it, the most basic of which is its weaker counterpart, termed as the Weak Subadditivity Theorem

(WST):
The Weak Subadditivity Theorem (WST)
Consider an arbitrary 2-qubit state p4Z) € D(C? @ C?). It holds that:

S(p“UP) < S(p) + S () (3.17)

Evidently, the WST is a nothing but a special case of the SST, where, appropriately, one of
the reduced qubit states is a pure state. The content of the WST is simply the fact that correla-
tions between two subsystems increase the information content of the composite quantum system;
this fact is, again, in agreement with general intuition. The equality case of the WST is simply eq.
(3.11), which simply expresses the WST in the special case of a product 2-qubit state, where the
two subsystems are independent. The WST thus demonstrates that the von Neumann entropy is
not typically additive under composition; rather, its behaviour reflects the presence or absence of
correlations between the subsystems of the composite quantum system.

3.4.2 Entanglement and the Conditional Entropy

The following theorem can now be proved:

Theorem 1

The conditional entropy of the reduced states of an arbitrary separable 2-qubit state is non-
negative.

18



Proof Consider a set of, mutually orthogonal, rank-1 projection operators, {II,,}, two subsets
(P, (o'} € D(C?), and a 3-qubit separable state, pB) € D(C2 @ C2 ® C2), of the following

form:
pABe) = anpn ©p) @11,

Notice that the reduced 2-qubit state p4B) ¢ D(C? ® C?) is a separable state, being directly
expressed as a convex sum of product 2-qubit states, as in the following:

p A Zp P @l

(A) (B

Considering the spectral decomposition of each of the qubit states pn * ® pp, ) ® I1,:

PD @ )P g ZA(n e

it holds that:
(pAB) Z pam log(pn)\("))

where m\"™ := rank(I1"). Therefore:

S(,O(ABC) anmk )\(n log pn anmk" n) log(A( ))

:—anlogpn +an ® P ®11,,)
== pulog(pa) + > puS(AY) + 3 paS(p)

Similarly:

== palog(pa) + ) paS(py"

and:

== palog(pn) + Y puS(p?

Thus, the conditional entropy S(p[p(B)) satisfies the following:
SN ) =3 mS(py”
k

due to the non-negativity of the von Neumann entropies S (p,(CA)):

and eq. (3.16) of the SST yields straightforwardly the following, for the conditional entropy of the
reduced states, of the separable, reduced qubit state, p4?) € D(C? ® C?):

SEWpP)y >0 = (3.18)
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Theorem I provides an important distinction between classical and quantum correlations. A sepa-
rable 2-qubit state contains classical correlations between its qubits, and its reduced states always
have a non-negative conditional entropy. As a direct consequence of Theorem I, only entangled
2-qubit states have reduced states of a negative conditional entropy; this means that the condi-
tional entropy of reduced states determines the entanglement of the respective 2-qubit state, that
is to say, the existence of quantum correlations between its qubits. Thus, the negativity of the
conditional entropy of a reduced state determines the existence of quantum correlations between
the respective qubit and the remainder of the qubit system. However, the negativity of the con-
ditional entropy of a reduced state provides only a sufficient criterion for the entanglement of the
respective 2-qubit state. The converse statement is not generally true: the negativity of the condi-
tional entropy of a reduced state does not provide a necessary criterion for the entanglement of the
respective 2-qubit state, as there exist entangled 2-qubit states with reduced states of non-negative
conditional entropy. Consequently, the conditional entropy of a reduced state cannot serve as a
complete characterisation of the entanglement of a 2-qubit state; rather, its negativity should be
regarded as a particularly strong indicator of quantum correlations between the respective qubit
and the remainder of the qubit system.

3.4.3 Distinguishability and the Relative Entropy

The essential property of the relative entropy of two quantum states, enabling it to serve as a
mathematically adequate comparison between the two quantum states, can now be proved:

Theorem 11

The relative entropy of two arbitrary qubit states is non-negative, and it vanishes iff the qubit
states coincide.

Proof: Consider the following spectral decompositions of the arbitrary qubit states, p™, p®:

1) _ Z)\S)HS)
2) _ Z AT

The relative entropy D(p™M||p®) is
D(pM|[p®) = S(pM, p) = S(p™M) = Tr(p™) log(p(”)) — Tr(p™M log(p®))

=" mPAD 1og(AM) ZTT IO AD 1og(AP)
where m$) := rank(I1"). Notice that:

DT = To(D 2T = Tr(ii?) = miY
k k
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Therefore:

Tr( )G

1) = ST on(C) = S TN oa( i )

Denoting:

Qg o= TT(HLI)H,E?))/\S)
and:

Bu = Tr(TEVTIE )AL
it holds that: ank

M1 Za”k log(—— @Lk
Then, as: Vo € R (log(x) <z — 1), it holds that:
D(pM]|p?) >0 (3.19)

whereas x = 1 & log(z) =z — 1 yields:
D(pW[p®) = 0 & ank = Bux
Moreover, it is the case that:
e = B & (A = )\(2 )V (TT(HS)HS)) —0) e (A = A,(f)) v (H(l)H,(f) =0) & (pV = p?)
as H%l), H,(f) are, mutually orthogonal, projection operators. Thus:
D(p[1p?) =0 p!V = p (3.:20)

that is to say, the relative entropy of two arbitrary qubit states is non-negative, and it vanishes ff
the qubit states coincide. |

Theorem II is commonly attributed to Oskar Klein, and it is often termed as Klein’s Inequal-
ity [5]. Theorem II establishes that the relative entropy of qubit states is always non-negative and
vanishes only when the qubit states coincide. Consequently, it may be regarded as a measure of
distinguishability, even though it cannot be interpreted as a distance between the qubit states.

3.4.4 Concavity of the von Neumann Entropy

The concavity property of the von Neumann entropy is a consequence of the WST, and it may be
proved as in the following:

Theorem II1

Every convex sum of arbitrary qubit states, > p,pn, satisfies the following:

SO papn) 2D paS(pn) (3.21)
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Proof: Consider a separable qubit state, p)* as in the following:

(AB) b anpn ® H

where II,, are, mutually orthogonal, rank-1 projection operators. Considering the spectral decom-
position of each of the qubit states p%A) ® IL,:
_ Z )‘I(gn)H( )
k

it holds that:

S(p (AB).2 an IOg(pn)‘l(cn)>
where m{" := mnk(H(")). Therefore:
S(p anmk " log(py) anmk A 10g(AM)
n,k

== palog(pa) + Y paS(pl) @ 11,)
n,k n
== palog(p) + Y paS(p{Y)
n,k n

The reduced qubit states, p and p®), of the separable qubit state, p4

A) = anp(A)
= anﬂn

exhibiting, respectively, the von Neumann entropies:

= SO parY)
= S(D _palln) = =) pulog(p)

Thus, the WST, for the separable qubit state, pi8)* yields straightforwardly the following, for
the reduced qubit state p(:

B)’E, are:

and:

and:

an My <s anpn u (3.22)

Theorem IIT on the concavity of the von Neumann entropy expresses the fact that a probabilistic
mixture cannot have an average information content less than the average information content
of its constituent states; that is to say, if a qubit state is prepared according to a probabilistic
mixture, then the its average information content is at most as large as the average information
content of the constituent qubit states of the probabilistic mixture.
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Chapter 4

The von Neumann Mutual Information

The purpose of this Chapter is to introduce the von Neumann mutual information, as the quantum
extension and generalisation of the mutual information of classical information theory, and to
present its essential mathematical properties in quantum states of single qubit systems and of
2-qubit systems.

4.1 Definition of the von Neumann Mutual Information

In classical information theory, the mutual information between two random variables quantifies
the amount of information that one random variable provides about the other. The quantum
extension and generalisation of the mutual information of classical information theory is the von
Neumann mutual information, which is the measure of the total correlations, both classical as well
as due to quantum entanglement, between the subsystems of a composite quantum system, in a
certain quantum state. Thus, the von Neumann mutual information is a central indicator of the
statistical structure and the various statistical properties of quantum states; The von Neumann
mutual information also plays a central role in the quantum measurement process [Zurek, Mutual
Info, 6], a topic which, however, lies beyond the scope of the present Thesis. In the context of
classical information theory, the mutual information between two random variables, X and Y, is
defined as in the following:

(XY) Prm
Zp log( —(X)pg?)

where:
{1}

is the joint probability distribution of the random variables X and Y, and:
:anma pg) = anm

are the marginal probability distributions of the random variables, X and Y, respectively. Evi-

dently:
Z P og (pl) Z i log(p Z Y log(p

The above form of the mutual information of classical information theory suggests a direct extension
and generalisation to its QI'T counterpart, the von Neumann mutual information; as it was the case
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with the von Neumann entropy in the previous Chapter, the standard mathematical reflex is to try
to express the von Neumann mutual information in a form that exhibits quantum states explicitly.
To this end, consider the quantum state of a composite quantum system, p?) € D(X® Y), as in

the following:
dim(X) dim(Y)

Z Zpkléni )®E1(732
=1 m,n=1

where E,Sg) and E{Y) denote orthonormal bases of L(X) and L(Y), respectively. The reduced states,
P € D(X), and, p'B) € D(Y), are, respectively, the following:

dim(X)

_ (A) (%)
= Z P Ey
k=1

and:
dim(Y

S

m,n=1

where:
dim(Y)

Z Pk:lmn

m,n=1

and:
dim(X

(AB)
§ : Pklmn

k=1

The von Neumann mutual information defined by the probability distributions {P, AB)} {Pk(lA)},

klmn

and {Pmn } related, respectively, to the quantum state, p‘#) € D(X® Y), and the reduced states
p € D(X) and pP) € D(Y), is the following:

dim(X) dim (Y dim(X) dim(X
AB AB) (A

= > Z Pl os(Pin) = >~ P 10g(PLY Z B log(PL2)

k=1 mn=1 k=1 m,n=1

It is evident that, the von Neumann entropies of the quantum state, p4?) € D(X ® Y), and the
reduced states p € D(X) and p®) € D(Y), are, respectively, the following:

dim(X) dim(Y)

Z Z Pklmn klmn)

kJl=1 m;n=1

while:
dim (X

Z Pk;l log(P, kl )

k=1

and:
dim(X

Z PB) Jog(PB))

m,n=1
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Thus, the von Neumann mutual information of the reduced states p € D(X) and p®) € D(Y)
of the quantum state p?) € D(X ® Y), may be expressed as in the following:

1o 2 ) = S(p) + 5(55) = $(5*7) (1)

It is clear, from the difference in the above eq. (4.1), that the von Neumann mutual information
quantifies the amount of information shared between the subsystems of a composite quantum
system, in a certain quantum state, hence its characterisation as the mutual information. An
alternative interpretation follows immediately from the relation of the mutual information to the
conditional entropy. It is evident that:

1 s pP) = S(p) = S(p P [o)) = S(o) = S(p) oY) 4.2)

The difference in the above eq. (4.2) demonstrates clearly that the mutual information quantifies
the increase in the information about a subsystem, that may result from conditional information
about the remainder of the composite quantum system.

4.1.1 The Sign of the von Neumann Mutual Information

The interpretation of the mutual information demonstrated by eq. (4.2) anticipates that the
mutual information is non-negative; this fact can be easily proved, considering the WST and eq.
(4.1). Thus, obviously, for the reduced states, p) € D(X), and, p®) € D(Y), of an arbitrary
quantum state, p48) € D(X ® Y), it is the case that:

I(pW : pP) >0 (4.3)

It is evident that if the quantum state p*?) € D(X ® Y) is a product state of its reduced states,
p € D(X), and, p® € D(Y), the mutual information vanishes; in the following section, it will
be proved that the converse is also true.

4.2 Mathematical Properties of the von Neumann Mutual
Information

4.2.1 The Symmetry of the von Neumann Mutual Information
The mutual information is symmetric under the permutation of (A <> B):
I pP) = I(p? 2 p) (4.4)

as it is evident, from both egs. (4.1) and (4.2).

4.2.2 The Relation between the von Neumann Mutual Information
and the von Neumann Relative Entropy

The relation between the mutual information and the relative entropy is particularly interesting
in that it provides an interpretation of the mutual information of two reduced states as a measure
of the total correlations, both classical as well as due to quantum entanglement, between the
respective subsystems of a composite quantum system, in a certain quantum state. Accordingly,
the following theorem can be proved:
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Theorem IV
For an arbitrary 2-qubit state, p1®) € D(C? @ C?), it is the case that:

[<p(A) : p(B)) _ D(,O(AB)H,O(A) ® p(B)) (4.5)

Proof: From the definitions of the relative entropy and the cross entropy, of eqgs. (3.13) and
(3.14), respectively, it holds that:

D(p“|pfW @ pP) = S(p1P, p @ pB)) — S(pH)

= _Tr(p(AB) log(p(A) ® p(B))) + Tr(p(AB) log(p(AB)))
Considering the spectral decompositions of p(A) and p(B) directly yields the following:

log(p @ p'P)) = log(pV) ® Ic2 + Iz ® log(p?))
Therefore:
D(p“P||p @ pB)) = —Tr(p*B) (log(p) @ Iz + Ic2 @ log(pP)))) + Tr(p?) log(p“4P)))

= —Tr(p"P (log(p™) @ Ic2)) = Tr(p“P (I @ log(p™?)))) + Tr(p™ log (p“P))
= —Tr(p log(p'?)) = Tr(p log(p™))) + Tr(p“?) log(p*?))
= S(pY) + 5(p?) = S(p1)
Thus, from the definition of the mutual information, of eq. (4.1), it holds that:

D(,O(AB)H,O(A) ® p(B)) _ ](p(A) . p(B)) ] (4.6)

Theorem IV demonstrates that, as the relative entropy measures the distinguishability between two
quantum states, the mutual information of two reduced states is a measure of difference between
the quantum state of the composite quantum system and the product state of these reduced states;
since, in a product state, the respective subsystems are independent, this difference is precisely the
total correlations, both classical as well as due to quantum entanglement, between the respective
subsystems of the composite quantum system, in that certain quantum state. Therefore, as the
mutual information of two reduced states vanishes only in the case of total absence of correlations
between the respective subsystems of a composite quantum system, in a certain quantum state,
Theorem IV essentially anticipates the fact that the mutual information of two reduced states
vanishes iff the quantum state of the composite quantum system is a product state of these re-
duced states, that is to say, if the respective subsystems are independent, so that there is a total
absence of correlations between the respective subsystems of the composite quantum system, in
that certain quantum state. Thus, the below Corollary naturally follows from Theorem IV:
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Corollary

The von Neumann mutual information of the two reduced qubit states, p(), p(B) € D(C?), of an
arbitrary 2-qubit state, pi4?) € D(C? ® C?), vanishes iff pA8) = pA) @ pB),

Proof: Theorem IV along with Theorem II directly yield the above Corollary. |

It has been established, then, that the mutual information of two reduced states is always non-
negative and vanishes precisely when the respective subsystems are independent. Additionally, the
above Corollary, along with the definition of the mutual information, of eq. (4.1), straightforwardly
expand the WST, as in the following:

The Expanded Weak Subadditivity Theorem (EWST)
Consider an arbitrary 2-qubit state, p(45) € D(C? @ C?). It holds that:

S(PUP) < S(pD) + S(pP) (4.7)
while it is also the case that:

S = S(pP) + S(pP) & pHP) = piP @ pP) (4.8)

4.3 The von Neumann Mutual Information for typical qubit
States

While the essential mathematical properties of the mutual information have been established,
the identification of the mutual information as a measure of the total correlations in a quantum
state, due to the fact that correlations arise precisely by deviations from statistical independence,
motivates the calculation of the mutual information for representative classes of qubit states.

4.3.1 Product 2-qubit states

In a product 2-qubit state, the subsystems are independent; it has been established, in the previous
Section, that the mutual information of two reduced states is always non-negative and vanishes
precisely when the respective subsystems are independent.

4.3.2 Separable 2-qubit States
A distinctive example of a separable 2-qubit state, p(45)* € D(C? ® C?) is the following:

1

which, evidently, exhibits perfect classical correlations between its qubits, as it is a uniform prob-
abilistic mixture of the two product states, Fi; ® E1q, Fay @ Fyy € D(C?® C?). The von Neumann
entropy of the separable 2-qubit state, pt4%)* € D(C?), is:

11
S(p ) = —25log(;) =log(2) = 1
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The reduced qubit states, pi), p(B) € D(C?), of the separable 2-qubit state, p45)* ¢ D(C? ® C?),
are the following:

1
P(A) = P(B) = §(E11 + Esy)
and their von Neumann entropies are:

S(p) = S(o7) = ~23 log() = log(2) = 1

Thus, the mutual information of the reduced states, p1), p(B) € D(C?), of the separable 2-qubit
state, pB)= € D(C? ® C?), is the following:

I(p“W 2 pP)) = S(p) + 5(pP) = S(p*P) =1+1-1=1

It is obvious, from the above, that the mutual information of the reduced qubit states is positive,
despite the absence of entanglement in the 2-qubit state; this fact is consistent with the provided
interpretation of the mutual information as a measure of the total correlations in a quantum state.

4.3.3 Entangled 2-qubit States: The canonical example of the Bell
States

The canonical example of entangled 2-qubit states, that is to say, the Bell states, illustrates the
importance of the mutual information, as the mutual information is a measure of the total corre-

lations in a quantum state. Consider, without loss of generality, the following Bell state, from eq.
(2.15):

1
AT = §(E11 ® B+ By @ Eyy + Ey @ Eiy + Eoy @ Ea)
Since the Bell state ¢(45)* is a pure state, its von Neumann entropy vanishes, that is to say:
S(@P) =0
However, the reduced states, ¢+ and @B+ of the Bell state, A8+ are the following com-

pletely mixed states:

1

¢(A)7+ — ¢(B)7+ — §]C2

with von Neumann entropies:
1
S(E+ = S(§8) = ~log(5) = log(2) = 1

Thus, the mutual information of the reduced states, ¢+ and ¢(B)+, of the Bell state ¢A8)+, is
the following:

IED 1 90%) = S(@D) + S(@T) = ST = 1+1-0 =2

It can be straightforwardly proved that the mutual information of the reduced states of any of the
Bell states is the same.

A comparison between a separable 2-qubit state and the Bell state reveals that, in both cases,
the reduced states possess a positive mutual information; however, the origin of the correlations
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between their respective subsystems is fundamentally different: In the former case, the correlations
are entirely classical, while, in the latter case, the correlations are due to quantum entanglement as
well. Evidently, since the mutual information of the reduced states is positive in both cases, these
examples demonstrate that it is a measure of the total correlations in a quantum state, without
distinguishing between classical and quantum correlations.

It is worth noting that, the mutual information of the reduced qubit states of a 2-qubit sys-
tem, while always being non-negative, also possesses an upper bound: the definition of the mutual
information, of eq. (4.1), combined with the egs. (3.9) and (3.10), for the range of the von Neu-
mann entropy in single qubit systems, and 2-qubit systems, respectively, exhibit that the mutual
information of the reduced qubit states of a 2-qubit system is never greater than 2; this seems a
fact worthy of its own Theorem:

Theorem V
For an arbitrary 2-qubit state, p(4%) € D(C? ® C?), it is the case that:

0<I(pW: pP) <2 (4.9)
Proof: Eq. (4.3), along with the definition of the mutual information, of eq. (4.1), combined with
egs. (3.9) and (3.10), directly yield the above Theorem V. |

Theorem V highlights the particularity of the Bell states, as the canonical example of entan-
gled 2-qubit states: The mutual information of the reduced states of any of the Bell states is the
maximum possible mutual information related to a 2-qubit system; consequently, the Bell states
are regarded as specific cases of mazimally correlated or maximally entangled states. While the
reduced states of any of the Bell states saturate the upper bound of eq. (4.9), of Theorem V,
the reduced states of any product 2-qubit state saturate the lower bound of eq. (4.9), as per the
Corollary of Section 4.2; consequently, and in accordance with general wisdom, product 2-qubit
states exhibit no correlations between their qubits.

29



Chapter 5

Conclusions and Future Perspectives

The main purpose of this Thesis has been to provide a clear, concise, and relatively independent,
presentation of the von Neumann entropy and mutual information in qubit systems. Beginning
from the mathematical framework of QIT, the presentation has developed progressively towards
the von Neumann mutual information, which provides a quantitative description of the total cor-
relations between the subsystems of a composite quantum system. The mathematical framework
of QIT, that was introduced in Chapter 2, established the concepts required throughout the re-
mainder of the Thesis. The language of density operators was presented as the general language
of quantum states, accommodating both pure and mixed states within a common mathematical
formalism; restricting consideration to qubit systems allowed for the rigorous development of the
mathematical framework, while avoiding technical complications, favouring conceptual clarity over
computational prowess. Chapter 3 introduced the principal entropic quantities of QIT: The von
Neumann entropy was motivated as the natural extension and generalisation of the Shannon en-
tropy of classical information theory to quantum states through their spectral decompositions;
its essential mathematical properties, including subadditivity and concavity, were proved, illumi-
nating the behaviour of quantum information in quantum systems. The subsequent study of the
conditional entropy and the relative entropy provided a strong indicator of quantum entanglement,
and a quantitative measure of the distinguishability between quantum states, respectively. The
developments of Chapter 3 naturally led to the introduction of the von Neumann mutual informa-
tion, in Chapter 4. Expressed equivalently in terms of the von Neumann entropy, the conditional
entropy, and the relative entropy, the mutual information was presented as the unifying aspect it is
indeed, relating the entropic quantities considered throughout the Thesis; its interpretation as the
relative entropy of a quantum state and the product state of its reduced states, demonstrated that
the mutual information provides a measure of the total correlations between two quantum sub-
systems of a quantum system, encompassing both classical correlations as well as correlations due
to quantum entanglement. The examples examined in the Chapter 4 further highlighted that the
mutual information may determine qualitatively different classes of quantum states, with respect
to the correlations they exhibit.

Future Perspectives

Although the present Thesis has focused primarily on the mathematical development of essential
concepts of QIT, these concepts constitute the foundation of several important areas of contempo-
rary research in QIT. Specifically, the von Neumann mutual information has central role in modern
approaches to the quantum theory of measurement. In general, QIT-approaches to the quantum
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theory of measurement describe quantum measurement as the establishment and evolution of cor-
relations between a quantum system and a measuring apparatus of quantum origins; within these
approaches to the quantum theory of measurement, the mutual information provides a quantita-
tive measure of the information transferred during the measurement interaction. In particular, a
largely influential development along the lines of QIT-approaches to the quantum theory of mea-
surement is the formulation of quantum measurement developed by W. H. Zurek [6, 7, 8, 9]; in this
approach, the mutual information becomes the fundamental quantity describing how information
about a quantum system is distributed between the quantum system, the measuring apparatus,
and, subsequently, the surrounding environment. Zurek’s perspective naturally evolves the basis
of decoherence theory to quantum Darwinism, in which the emergence of effectively classical be-
haviour is understood through the proliferation of stable, and redundantly accessible, correlations
[8, 9]. Although these topics lie beyond the scope of the present Thesis, the mathematical frame-
work developed in this Thesis provides essential prerequisites for their rigorous study.

As a conclusion, the progression of the QIT concepts contained in this Thesis highlights the
internal coherence of QIT, as well as the central role played by information in the mathematical
description of quantum systems. It is the hope of the author that the present exposition will
provide part of a useful foundation for further study of QIT, and its applications to the quantum
theory of measurement, and to the broader field of the foundations of quantum theory.
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